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1. Introduction 

The following question (cf. [2J, 1.1) concerns us : 

Given an absolutely simple abelian variety Ak over a number field 
K , is there a finite extension K' of K such that Ak x k L, L any finite 
extension of K' , specializes to simple abelian varieties at a set of places 
of positive Dirichlet density? 

Let t = Spec (if) , t a geometric point of t, S an open sub-scheme 
of the normalization of Spec(Z) in t such that A t = Ak extends to an 
abelian scheme A over S. 

Observe that if Endt(A t ) is not commutative, A s = A X5 s is not 
simple at any point of S with values in a finite prime field, for otherwise 
End s (As)cg>zQ would be a field (|4j, p. 98, line 1), but the specialization 
homomorphism 

sp : End t (A t ) Ends(A) End s (A s ) 

is injective. 

Therefore, it is necessary, in order that the question have not a trivial 
negative answer, to impose Endf(Aj) (g) z Q be a field. 

For any prime number I invertible on S, consider an £-adic approach 
to the question : 

Choose for each closed point s G S a geometric point s localized at s, 
and a chemin ch s connecting s to t. Let F s E ni(s,s) be the geometric 
Frobenius, F* the image of F s under the composition 

7Ti(s,s) ^ 7ri(5,s) ^ 7ri(S,t) ^ GL{H\A- t , Q e )), 

where p t - t is the £-adic monodromy representation associated to the 
abelian scheme A. Write = Im(pgj) for the monodromy, Mf ar its 
Zariski closure in GL(ii 1 (Aj, Q^)). Enlarging if to a finite extension if 
necessary, suppose End t (A t ) = Endj(AA, and Mf™ connected. 

Tate's theorem applied to a closed fibre A s , 

End s (A s ) ® z Q, End-^^Q^))^ 08 " 6 , 
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shows that A s is simple if F* is irreducible on H l {Aj, Q^). The subset 
Xe of the compact £-adic Lie group Mg consisting of those elements irre- 
ducible on H 1 (Aj, Qe), is a union of conjugacy classes, and by Krasner's 
lemma, open in Mg. By Cebotarev's density theorem, the volume of 
Xg in the normalized Haar measure of Mg equals the Dirichlet density 
of the set 

{seS\{t},F: ex e }, 

which is < the density of 

{s e S^O}, A s is simple}. 

Thus, the question has a positive answer, provided that Xg is non- 
empty over any finite extension of K. 

Any element of Xg lies in a maximal torus of Mf ar irreducible on 
^(A^Qg). Conversely, any torus of Mf ar irreducible on H l (Aj, Q^) 
contains an open dense subset all whose Qrpoints are irreducible on 
H 1 (Aj, Qe). Since Mg is open in M £ Zar (Q^) (Bogomolov), the condition 
that Xi be non-empty is equivalent to that some maximal torus of Mf w 
be irreducible on H 1 (Aj, Qg). 

However, if Endt(A t ) (g>z is not a field, even Mf w is reducible on 
H 1 (Aj, Qg), equivalently, A/£A, A being any ni(t, t)-stable Z^-lattice of 
H x {Aj, Qg), is a reducible Fg[iri(t, £)]-module, for (Faltings) 

End t (A t ) ® z End M z„(fr 1 (^, Q,)) oppositc . 

If, for instance, typically, E := Endt(A t ) (8>z Q contains an abelian 
field of group (Z/pZ) 4 , p prime, or a non-solvable Galois extension of 
Q, no completion E cg>Q is a field. 

We assume that End t (A t ) ®z = Eg, is a field for some prime 
number t ; without the very restrictive assumption, there is little to 
say. (On the other hand, by Hilbert's irreducibility theorem, if a prime 
number I is given, plenty totally real number fields or totally imagi- 
nary quadratic extensions of totally real fields have prescribed £-adic 
completions.) 

Then, EL x {A-i, Qg), as an linear representation of Mf w or its de- 
rived group, is absolutely irreducible. 

Now, at least for rj = Spec(Eg), G = [M/ ar , Mf* r ], V = H^A^Qg), 
one asks the basic question : 

Let G be a semi-simple algebraic group over the spectrum rj of a 
finite extension of Qg, py '■ G —> GL(V) an absolutely irreducible r\- 
linear representation of finite kernel. Does some maximal torus of G 
act irreducibly on V? 
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One may assume G simply connected. Let rj be a geometric point 
of 77. A maximal torus X is irreducible on V if and only if the weights 
of Vfj relative to X^ are permuted transitively by ni(r],rj). So if such a 
torus exists, has to be minuscule. 

Let Djj be the Dynkin diagram of Gjj, pr> : 7ii(r],fj) — > Aut(D^), the 
index, and let aij, i — 1, • • • , r, be the 7Ti(^, r?)-orbits in consisting 
of minuscule vertices corresponding to a minuscule representation V = 
V 1 ® v ■ ■ ■ ® v V r of G = Gi x v ■ ■ ■ x v G r , Gi being the simple factors. 
Put D = (D^pr,), a = Y,®i- 

Whether or not G has a maximal torus irreducible on V depends 
only on (D,a) (Theorem 2.3, Lemma 3.1) ; if G does, we call (D,a) 
an elliptic minuscule pair. 

The main technical result of the article, Theorem 3.2, is the enu- 
meration of elliptic minuscule pairs with connected Dynkin diagrams, 
which gives the essential content of the following theorem. 

Theorem 1.1. Let £ be a prime number. If End t (A t ) Cg) z = 
Endj(Aj) <S>z = En is a field, Mf ar is connected, and the mon- 
odromy representation Q^) is minuscule whose associated mi- 

nuscule pair over Spec(-Ey is elliptic, then A t specializes to absolutely 
simple abelian varieties at a set of places of positive Dirichlet density. 

This is a consequence of what has been said and that for a set of 
points s G ^{t} of density 1, Ends(A ¥ ) are commutative (cf. 2.9). 

2. Elliptic minuscule pairs 

2.1. A Dynkin diagram is a finite set D, equipped with the structure 
of a function /:£)—>■ {1,2,3} ("longueurs") and a binary relation L 
("liaisons") on D, such that L is disjoint with the diagonal of D x D. 

Every root system has its Dynkin diagram with connected compo- 
nents labeled according to types as A, B, • ■ ■ , G 2 . 

Let S be a scheme. An S-Dynkin diagram is a sheaf of sets D 
on S for the etale topology, locally constant, constructible, equipped 
with the structure of a morphism / : D — > {1, 2,3)5 and a sheaf of 
S'-relations L C D x D, L locally constant, constructible on S, such 
that for any geometric point s of S, the fibre D s , with the function l s 
and the relation L s , is a Dynkin diagram. 

The category of S'-Dynkin diagrams is the fibre category over S of a 
stack in groupoids over (Sch) for the etale topology. 
The monodromy representation 

Pd,s ■ ^i(S, s) ->• Aut(D a , l 8 , L s ) 
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of an S-Dynkin diagram D at a geometric point s — > S is the index of 
D at s. 

Define n (D) to be the quotient of D by the equivalence relation 
generated by L. Then D is a 7r (-D)-Dynkin diagram. 

Every reductive S-group scheme has its S'-Dynkin diagram, func- 
torial with respect to isomorphisms and compatible with base change 
(SGA 3, Expose XXIV, 3.3). 

Given an S'-Dynkin diagram D, if at any geometric point s of S the 
components of the fibre D s are of types A, B, ■ ■ ■ , G 2 , then there is a 
quasi-epingle, semi-simple, simply connected S-group scheme having 
D as its S-Dynkin diagram (SGA 3, Expose XXIV, Theoreme 3.11). 

Also, for any semi-simple, simply connected S-group scheme G, there 
exists a pair (Q,u), unique up to a unique isomorphism, consisting of a 
quasi-epingle, semi-simple, simply connected S-group scheme Q and an 
"isomorphisme exterieur" u G Isom.ext s(Q,G) (SGA 3, Expose XXIV, 
Corollaire 3.12). The existence of u enables the identification of the 
S-Dynkin diagram D of Q with that of G, and permits to define the 
S-scheme of "isomorphismes interieurs" 

Isom.int 5 (Q, G), 

which is a left torsor under the adjoint group of G and a right torsor 
under the adjoint group of Q. 

Let T C B be the canonical maximal torus and Borel subgroup of 
Q, U the unipotent radical of B. Let iV be the normalizer of T in Q, 
W = N/T the Weyl group. Let 

7T : X ->■ S 

denote the S-scheme Q/B, which is projective, smooth, with geomet- 
rically connected fibres over S. 

Suppose 

u : T -> G m , s 

is a weight of Q with respect to T, dominant relative to the notion of 
positivity defined by B. Let 

ujb-.B^B/U = T ^ G m , 5 

be the composition ; this character, twisted by the B x -toisoi 

Q -> Q/B = X, 

provides a G mj x-torsor 

Q ^ X Gm,X 
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and an invertible Ox-module 

Lui = Q A Bx G m ,x A Gm ' x O x . 

Recall that E w = n^L^ is a representation of Q on a locally free Os- 
module of finite rank, of formation compatible with any base change, 
and if S is the spectrum of an algebraically closed field of characteristic 
zero, E u is irreducible of highest weight u>. 

In particular, to each section a G D(S) of the S-Dynkin diagram D, 
there corresponds a fundamental representation E a of Q of fundamental 
weight u a . 

A section a G D(S) is minuscule if the Weyl orbit 
Wu a C Hom 5 (T, G mt s) 
is the sheaf of weights of E a relative to T. 

More generally, a = X][=i a «! a i D(S), is minuscule, if each ctj 
is minuscule and for any geometric point s of S, a i;S lie in distinct 
components of D s . Let Wuj a := Wu ai x • • • x Wu ar . 

Definition 2.2. Suppose S connected and a = YH=i a i minuscule. 
The pair (D, a) is said to be an elliptic minuscule pair, or simply el- 
liptic, if there is a W-torsor x on S such that 

x A w Woo a 

is a connected object in the Galois category of locally constant, con- 
structible sheaves on S, that is, at any geometric point s of S, the 
image of the monodromy representation 

p XyS : m(S, s) ->■ Aut((x A W Wco a ) s ) 

acts transitively on the fibre (x A w Wu a ) s . Any such W-torsor x is 
said to be elliptic for (D,a). 

Theorem 2.3. Let r\ be the spectrum of a completely discretely val- 
ued field of characteristic zero of finite residue field, G a semi-simple 
algebraic group over rj of Dynkin diagram D, py : G — >■ GL(V) an 
absolutely irreducible representation of finite kernel. Then some maxi- 
mal torus of G acts irreducibly on V if and only if V is minuscule and 
(D,a) is elliptic, a being the minuscule section corresponding to V. 

For the proof, we may and do assume G simply connected. 

If a maximal torus X of G is irreducible on V, the weights of Ir- 
relative to Xjj are permuted transitively by 771(77,77), a priori, all the 
weights have the same norm, i.e. V is minuscule. 

In the following, suppose V minuscule, let a = ctj, a, L G D{rf), be 
the corresponding section. 
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Lemma 2.4. For any anisotropic maximal torus % of G, of image 
T ad in the adjoint group G ad ; the map 

H\r], V A ) -> if 1 (77, G^ 1 ) 
is surjective, and ff 2 (??,T) = 0. 
Proof. Write Z for the center of G. The extension 

1 ->• Z ->• G ->• G ad ->■ 1 
induces the cohomology sequence 

As G is simply connected, ff^^G) = 0. Hence 
9:^ 1 (77,G ad ) ^H 2 { V ,Z) 

is injective. 
To show 

ff^T* 1 ) -> if 1 (77, G^) 
is surjective, it suffices to show the composition 

5 : ff ^ X ad ) ->■ ff ^ G ad ) A ff 2 (??, Z) 

is surjective. 
Note that 

is a coboundary of the extension 

1 -> Z -> T -)• T ad -> 1, 
whose cohomology sequence 

tffaV*) ^H\r ) ,Z)^H\r ) ,%) 

implies 

5 : H 1 ^,^) ^ H 2 (r],Z) 

is surjective if 

H 2 ( V ,Z) = 0. 

Show H 2 (r],%) = : 
Since the Yoneda pairing 

Hom„(S, G m ) x H 2 ( v , T) ff 2 (??, G m ) Q/Z 

is perfect, it needs to verify that 

Hom„(X, G m ) = 0, 

which is precisely the condition that X is anisotropic. □ 
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Let the quasi-epingle, semi-simple, simply connected algebraic group 
Q over 77, the "isomorphisme exterieur" u G Isom.ext ?? ((5, G), and the 
bitorsor feomjnt (Q, G) be as in (2.1). 

Let T C B be the canonical maximal torus and Borel subgroup of 
Q, N the normalizer of T in Q, W = N/T, C the center of Q, T ad 
(resp. iV ad ) the image of T (resp. N) in the adjoint group Q ad . 

Let E a = ®E ai be the minuscule representation of Q of fundamental 
weight u a . 

Lemma 2.5. 1) The Q ad (i])-conjugacy classes of maximal tori of Q 
are in bijective correspondence with the elements of H 1 ^, N) . 

2) The map H 1 ^, N) — > iJ 1 (77, W) is injective, whose image contains 
the isomorphism classes of W-torsors x on r\ such that x A w T are 
anisotropic. 

Proof. 1) The set (Q/N)(rj) classifies the maximal tori of Q because 
locally on rj for the etale topology they are all conjugate to T by sections 
of Q. 

The exact sequence of pointed sets 

Q ad (v) (Q/N)(v) -)• H 1 ^, N ad ) -> if 1 (77, Q ad ) 

shows that the (5 ad (r/)-orbits in (Q/N)(i]) are in one-to-one correspon- 
dence with the elements of the kernel of 

H 1 ( V ,N ad )^H 1 (r ] ,Q ad ). 

Observe that in the cohomology sequence 

of the extension 

1 ->■ C ->• Q ->• Q ad ->• 1, 

the map 

d-.H^r)^ 3 *)^ H 2 (r],C) 

is injective, since 

H 1 { n ,Q) = Q, 

Q being simply connected. 
Hence, the kernel of 

H\r],N ad ) ->■ H\r],Q ad ) 
equals the kernel of the composition 

5 : H\ V ,N ad ) -> H\ V ,Q ad ) A # 2 (?/,C7). 

This 

5: H\r],N ad ) ^ H 2 { V ,C) 
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is a coboundary of the central extension 

1 ->■ C ->■ iV ->■ iV ad ->■ 1. 
From the exact sequence 

tf 1 ^, C) ->• H\ V , N) -)• tf 1 ^, iV ad ) A # 2 (?7, C), 

it follows that Ker(5) equals the image of 

H\r],N) ->■ if 1 (77, iV" 1 ). 

To conclude H l {rj^N) is isomorphic to this image, it needs to show 
that the map 

H\ri,C)^H\ri,N) 

is 0. 

By the factorization 

H l (r),C) — >■ i? 1 (?7,T) — >■ H l (r],N), 

it suffices to show 

ff 1 (j 7 ,T) = 0. 

Prove H\r],T) = : 

This follows from the identity 

H 1 ( v ,T) = H 1 (D,G m ) 
(SGA 3, Expose XXIV, Corollaire 3.14) and Satz 90, 

H 1 (D,G m ) = 0, 

the Dynkin diagram £) being representable by a scheme, finite, etale 
over rj. 

2) That 

H\r],N) ->■ if 1 ^, W) 
is injective results from the cohomology sequence 

if ^ T) ->■ if ^ N) -> if ^ W) 

and that H\r},T) = 0. 

The class of a VF-torsor rr on 77 lies in the image of 

H\<n,N) ->■ if^W) 
if and only if an obstruction 

o(x) G H 2 (r),xA w T) 

vanishes. 

When x A w T is anisotropic, H 2 {r], x A w T) = (2.4). □ 
Lemma 2.6. Any torus of G irreducible on V is anisotropic. 
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Proof. A torus is anisotropic if and only if it has no diagonalizable 
sub-torus other than 1. 

Recall that the kernel of the representation 

p v : G -> GL(V) 

is finite. And as G is semi-simple, det(pv) = 1- 

If a G m were in a torus of G irreducible on V, it would act on V by a 
character z h-> z n , for some integer n, thus on det(V) by the character 
z i — y z nd , d = dim(V). So nd = 0, i.e. n — 0, and G m was contained in 
Ker(py). □ 

Lemma 2.7. The group G has a maximal torus irreducible on V if 
and only if the group Q has a maximal torus irreducible on E a . 

Proof. Suppose a maximal torus X of G is irreducible on V. By (2.6), 
X is anisotropic, and 

H\ri,1 ad ) -)■ H\r},G^) 
is surjective (2.4). The G ad -torsor 

Isomjnt (Q, G) 

is in particular the image of a T ad -torsor, which means (SGA 3, Expose 
XXIV, Proposition 2.11) that X imbeds into Q as a maximal torus and 
the scheme 

J = Isom.int ^fQ, G; Id on X) 

of "isomorphismes interieurs" from Q to G that induce the identity 
automorphism on X, is not empty. 

Let r\ be a geometric point of 77. The choice of a section t e 3(fj) 
identifies the sheaves of weights of V and E a relative to X. So E a is 
isomorphic to V as a X-module, therefore is irreducible. 

The other direction is proven similarly. □ 
2.8. Now, prove the theorem 2.3. 

By (2.7), it suffices to show that (D, a) is elliptic if and only if a 
maximal torus of Q is irreducible on E a . 

Suppose first Q admits a maximal torus acting irreducibly on E a . 

This torus has the form z A N T for an iV-torsor z (2.5). Relative to 
it the sheaf of weights of E a is 

z A N Woo a CzA N Hpm^T, G m ). 

The condition that z A N T be irreducible on E a is equivalent to 
that z A N Wu a be a connected object in the Galois category of locally 
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constant constructible sheaves on rj. So z A N W is an elliptic W^-torsor 
for (D,a). 

Next, suppose (D, a) elliptic, with x an elliptic J¥-torsor. 

Let p : Q — >■ GL(E a ) be the representation, p T its restriction to T. 
One has Ker(p T ) is finite and det(p T ) = 1. 

The torsor x twists to a representation 

with x A w Wu a as its sheaf of weights. 

Hence, p Xj T is irreducible, and being a twist of px, it has finite ker- 
nel and determinant I. As in (2.6), x A w T is anisotropic, thus can 
be imbedded into Q (2.5) ; it is the sought-for maximal torus of Q 
irreducible on E a . 

2.9. Proof of the theorem 1.1. 

Frobenius F*, being semi-simple on H 1 (Aj, Qi) , lies in a maximal 
torus T(s) of Mf ar , of eigenvalues Xi(Fg), where Xii 1 ^ * < 2<7, g = 
dim(A t ), are the weights of H 1 (Aj, Q^) with respect to T(s). 

If X *(F S T = x,(F:) N , for some i^j,N>l, 

xim/xAK) e := Q(xira,--- ,x 2 ,ra) 

is a root of unity. By the purity of Xi(F*), [K s : Q] < (2g)\. The roots 
of unity in K s have order bounded by a constant depending only 
on g. The set U of elements u e M e such that has 2g distinct 
eigenvalues on if 1 (Ay, Q^), is open in M^, stable under conjugation, of 
measure equal to the density of 

£ = {s e S\{t}, (F*) N has 2g distinct eigenvalues, ViVM}. 

The measure is 1, since the characters x% are & U distinct. 

Consider s' — >■ s, irreducible, finite, etale, of degree iV > 1, s e E. 
As (F*) N has 2g distinct eigenvalues, End s /(A S /) is commutative, for 

End s ,(A s ,) ® z End (F;) *(if ^ Q,)) oppositc . 

Now A s is isogenous to a product of simple abelian varieties Ai, i & I. 
If one factor appears with multiplicity > 1, or if Ai x s s' is not simple, 
or if Ai x s s' and Aj x s s' are isogenous for % ^ j, End s /(A S /) is not 
commutative. 

As A t also specializes to simple abelian varieties at a set of places of 
density > 0, the theorem follows. 
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3. Simple elliptic pairs 

Let S be a connected scheme, (D,a) be as in (2.2). 

Suppose 7io(D) = 1. Thus if D is non-constant, (D,a) can only be 
( 2 A n , (Xn+i), n odd > 3, ( 2 -D n , n > 5, or ( 2 -D/t, ctj), « = 1, 3, 4. 

Let s be a geometric point of 5. We write down the condition that 
(D, a) be elliptic. 

Lemma 3.1. 1) (A n ,a r ), r e [l,n] ; elliptic if and only if there is 
a representation 

p : m(S, s) ->■ 6 n+ i 

whose image permutes transitively the subsets of {1, • • • , n + 1} o/ car- 
dinality r . 

2) (B n , a n ) is elliptic if and only if there is a representation 

p:m(S, s)^GL„(Z) 

whose image lies in the group generated by the diagonal matrices and 
monomial matrices, and acts transitively on 

{±ei ± • • • ± e„}, 

where e±, ■ ■ ■ ,e n denotes the standard base of Z n . 

3) (C n ,ai) is elliptic if and only if there is a representation 

p:m(S, s)^GL„(Z) 

whose image lies in the group generated by the diagonal matrices and 
monomial matrices, and acts transitively on 

where e±, ■ ■ ■ ,e n denotes the standard base of Z n . 

4) (D n ,ai) is elliptic if and only if there is a representation 

P-.tt^S, s)^GL„(Z) 

whose image lies in the group generated by the diagonal matrices of 
determinant 1 and monomial matrices, and acts transitively on 

where ei, • • • , e n denotes the standard base of Z™. 

5) (D n ,a n _i) (resp. (D n ,a n )) is elliptic if and only if there is a 
representation 

p:m(S, s)^GL„(Z) 
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whose image lies in the group generated by the diagonal matrices of 
determinant 1 and monomial matrices, and permutes transitively the 
vectors 

siei H h s n e n , 

where Sj e {1, —1}, Si • • ■ s„ = — 1 (Vesp. si • • • s„ = lj ; and ei, • • • ,e n 
denotes the standard base ofZ n . 

6) (Eq, an), i = 1,6, is elliptic if and only if there is a representation 

p:ir 1 (S,s)^0(F 6 2 ,q) 

whose image permutes transitively the non-zero singular vectors in F 2; 
where q is the quadratic form such that 

?(e») = q(fj) = 1, q(ei + e 3 ) = q(fi + fj) = 0, q{e { + fj) = 

Cj, fj, 1 < i, j < 3, is a base ofF\, 5ij = 1, if i — j, and 0, if i ^ j . 

7) (E 7 , a 7 ) is elliptic if and only if there is a representation 

p:7r 1 (S',s)->{l,-l}xSp 6 (F 2 ) 

whose image acts transitively on {1, —1} x (Sp 6 (F 2 )/0(g)) ; q being the 
quadratic form on F 2 with 

<l(ei) = q(fj) = 1, q(ei + e 3 ) = q(fi + fj) = 0, q(e { + fj) = <^-, 

where e i? fj is the standard symplectic base ofF®, = 1, if i = j , and 
////./. 

8) ( 2 A n ,o;n+i) ; n odd > 3, is elliptic if and only if there is a repre- 
sentation 

P = (pi,P2) : tti(S,s) _>. {1,-1} x 6 n+ i 
whose image permutes transitively the subsets of {1, • • • , n + 1} o/ car- 
dinality (n + l)/2, and whose component p\ is the index of 2 A n . Here 
— 1 : F i— > {1, • • • , n + 1}\F, /or any F C {1, • • • , n + 1} o/ cardinality 
(n + l)/2. 

5) ( 2 D n ,o;i) ; n > 5, or ( 2 _D 4 ,a:j) 7 i = 1,3,4, is elliptic if and only if 
there is a representation 

p-.miS, s)^GL„(Z) 

whose image acts transitively on {±ei, • • • , ±e n } and lies in the group 
2H generated by the diagonal matrices and monomial matrices, and 
such that the composition 

n^S, s)^W^ 2U/2Ui = {1, -1} 

is the index of 2 D n , where QUi is the subgroup of 2U generated by the 
diagonal matrices of determinant 1 and monomial matrices, and where 
ei, • • • , e n denotes the standard base of Z n . 
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Proof. Let R be the root system of Q with respect to T. 
The extension 

1 ->• W ->■ Autgf-R) ->■ Aut «,(£>) ->■ 1, 

with its cohomology sequence 

if 1 ^, -» ff 1 ^ Aut g (ifl) -+HHS, Aut g (D)), 

shows that an S'-form i?' of it! is equal to some zA^i? for a VT-torsor x 
if and only if R' has Dynkin diagram isomorphic to D, or equivalently, 
if and only if the composition 

m(S, s) P -^4 Aut(R s ) ->■ Aut(L> s ) 

is the index of D at s, where the monodromy representation associated 
to R! at s is written as Pr> iS - 

Given a Rl — x A w R, the monodromy Im(p^/ jS ) normalizes the 
weights W s u a , and the condition u x is an elliptic W^-torsor for (D, a)" 
can be translated as "Im(p fi / S ) is transitive on W s u a " . 

If D is constant, W is constant. The class of a W^-torsor x on 5 is a 
l¥-conjugacy class of representations p : 7Ti(S, s) — > W. 

Type by type, 

l)-6), 8)-9) the description of Aut(i? s ), the Weyl groups, the minus- 
cule vertices a, and the weights Wu a , for (A n ,a r ), (B n ,a n ), (C n ,ai), 
(D n ,ai), i = l,n-l,n, (E 6 ,ai), i = 1,6, ( 2 A„,an±i), ( 2 D„,«i), 
( 2 D 4 ,o;j), 2 = 1,3,4, is standard. 

7) given a root system of base {a±, ■ ■ ■ ,a 7 }, of root lattice Q(E 7 ), 
weight lattice P(E 7 ), then 2P{E 7 ) C Q(E 7 ), and £ = Q{E 7 )/2P{E 7 ) is 
a 6-dimensional F2- vector space on which the Killing form (, ) induces a 
symplectic form. The Weyl group W(E 7 ) maps onto Sp(E') with kernel 
{1, —1}, where —1 has maximal length relative to {cci, • • • ,a 7 }. The 
central extension 

1 ->■ {1, -1} ->■ W(E 7 ) ->■ Sp(£) ->• 1 

splits. Let i?6 be the sub-system of base {a±, • • • , a^}; its roots 

ei = ai + a 2 + 2a 3 + 2o 4 + 0:5-1- CK6, 

e 2 = cti + a 2 + 0:3 + a 4 + o 5 , 

e3 = «2 + 0:4, 

/1 = «i + «3 + «4, 

/ 2 = «4 + «5 + «6, 

/3 = «3 + "4 + 0:5 
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satisfy the orthogonality relations 

ifiti &j) 2<5jj, \fii f j) 2<5jj, (6j, fj) 5ij, 

and their images in E are a symplectic base. Consequently, 

F = Q(E 6 )/2Q(E 6 ) Q(E 7 )/2P(E 7 ) = E 

is a bijection, where Q(E 6 ) is the root lattice of E 6 . When F is equipped 
with the quadratic form q = |(, ), W(Eq) is identified with 0(g), and 
W(E 7 )u 7 = W(E 7 )/W(E 6 ) = {1, -1} x (Sp(£)/0(g)). ' □ 

Theorem 3.2. Let 5 be the spectrum of a complete discrete valu- 
ation ring, of generic point rj of characteristic zero, of closed point s, 
k(s) finite, of characteristic £. Then the elliptic minuscule pairs (D, a) 
over i] with tiq(D) = 1 are 

A) (An, an), (An, an); (A £ d_ l ,a 2 ), (A e d_ u a e d_ 2 ), d> 1; (A p ^ 1 ,a 2 ), 
(Ap_i,a p -2), P prime = 1 mod 4, Card(/c(s)) mod p generates F*; 
(A p _i,a 2 ) , (A p _i, a p - 2 ), p prime = 3 mod 4, Card(/c(s)) mod p gener- 
ates F p x or(F*) 2 ; (A 7 ,a 3 ), (A 7 , a 5 ),£ = 2; (A 31 , a 3 ), (A 31 , a 29 ),£ = 2, 
5{[s:F 2 ]. 

2 A) ( 2 A 3 ,a 2 ); ( 2 A 5 ,a 3 ), either £ = 5, or (£,5) = 1, Card(A;(s)) mod 
5 generates Fg , 2 A 5 is ramified over S. 

B) (B 3 ,a 3 ); (B 4 ,a 4 ); (B n ,a n ), n>5,£ = 2. 

C) (C n ,a 1 ),n>2. 

D) (D n ,ai), n even > 4; (D n ,ai), n odd > 5, £ = 2; (D 5 ,a 4 ), 
(D 5 ,a 5 ); (D 6 ,a 5 ), (D 6 ,a 6 ), £ = 2, or £ = 5 mod 8, [s : F e ] odd; 
(D n , a n _i) 7 (D n , a n ), n>7, £ = 2. 

2 D) ( 2 D n , ai ). 

Eq) (E^a-i), (E 6 ,a 6 ), £ = 3 or Card(fc(s)) = ±4 mod 9. 
E 7 ) (E 7 ,a 7 ),£ = 2. 

This list is justified in the remaining sections. 

4. Two LEMMAS 

Let S be the spectrum of a complete discrete valuation ring, of 
generic point rj of characteristic zero, of closed point s, k(s) finite, 
of characteristic £. 

Lemma 4.1. Let d be an integer > 1, £ e G\j d {F() such that 
C : t\ h-> e 2 , e 2 H> e 3 , • • • , e d ^ ei , 
where e 1 , - • • ,e d is the standard base ofFf. 
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The semi- direct product (QFf is a quotient 0/771(77,77). If(£,d) = 1 
and V is an irreducible F^-linear representation of ((), then (()V is a 
quotient of 711(1], fj) . 

Proof. Let 77' — > 77 be connected, unramified over S of degree d. Let S' 
be the normalization of S in 77', s' G S' the closed point, ( G Gal(r)' /rj) 
a generator, it G T(Os) a uniformizer, and u' G T(0,s') x such that the 
images of u', ((u'), • • • , £ d-1 (u') in fc(s') are a normal base over k(s). 
Then 

77'[xi, • • • , xj/ (x[ -xi- ((u^ 1 , ■■■ ,x e d -x d - ( d (u')n- 1 ) 

is Galois over 77 of group (()Ff. If (£, d) = 1, (QV is a quotient of 
(C)F^, thus is a quotient of 71"! (77, 77). □ 

Lemma 4.2. Let p be a prime number different from i. 

1) If an Fp-vector space V is normal in a group & such that (5 acts 
irreducibly by conjugation on V, then (3 is a quotient of 71-1(77,77) only 
if dim V = 1. 

2) There is a unique group of affine linear transformations ofF p that 
contains all the translations and is a quotient 0/^1(77,77) ramified over 
S. This group has cardinality pd, where d is the order of the element 
Card(/c(s)) mod p in F* . 

Proof. 1) Suppose & is a quotient of 71^(77, 77), with inertia group 9t, 
wild inertia subgroup ^3. The intersection V fl 9t, being normal in (S, 
is a 0-module. Thus, V n 9* = 1 or V. 

If V n 9t = 1, V ^ <5/m, so F is cyclic. 

HVn9i = V, as F n = 1, then F ^ 5H/^P, which also implies 1/ 
is cyclic. 

2) Let t : x \— > x + 1, x € F p . For any a G F* let o~ a : x 1— >■ ax, 
x G F p . In the group of affine linear transformations of F p , (r) is its 
own centralizer. 

Suppose for some z6F p x , (r, cr z ) is a ramified quotient of 771(77, 77); 
let 91 be its inertia subgroup, the wild inertia subgroup. 

Show *P = 1 : for, ^3 intersects (r) in 1, thus commutes with r, thus 
is contained in (r), i.e. = 1. 

The group 9i = 91/^3 is cyclic. And, 91 fl (r) = 1 or (r); in any case, 
91 commutes with r, hence is a subgroup of (r), hence 91 = (r). 

Write 71^(77,77) for the maximal tame- along- s quotient of 771(77,77). 
From its structure, 

nl(v,v) = (t,<t\ era- 1 = T q ), 
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where q = Card(/c(s)), it follows that (a z ) is generated by oy, z' : = 
Card(A;(s)) mod p. Now, 2) is clear. □ 

5. Type A 

Let (S,T],s), char(s) = £, be as in §4. 

Proposition 5.1. For any integer n > 1, (A n ,ai), (A n ,a n ) are 
elliptic over r\. 

Proof. The subgroup of & n +i generated by (12 • • -n + 1) is transitive 
on {1, • • • , n + 1} and on the collection of subsets of {1, • • • , n + 1} of 
cardinality n. As ((12 • • • n + 1)) = Z/(n + 1)Z is a quotient of 7ii(rj,rj), 
the pairs (A„,ojj), z = l,n, are elliptic over 77, (3.1), 1). □ 

Lemma 5.2. Let X 6e a finite set of cardinality q > 4, & a solvable 
subgroup of Aut(X) permuting transitively the subsets of X of cardi- 
nality r, 2 < r < g/2. TTien r < 4. 

1) If r = 2, <3 is 2-transitive on X, unless X = F q , q = 3 mod 4 ; 
ared zs t/ie group of transformations 

x ^ aa(x) + b, x € F 9 , a G (F* ) 2 , 6 G F g , a G Gal(F ff /Ar) 

where k is a subfield ofF q . 

2) Ifr = 3, X = F 32 orF 8 . If X = F 32 , (S consists of all affine semi- 
linear transformations of X. If X = F§ ; (S consists of either all affine 
semi-linear transformations or only the affine linear transformations 
ofX. 

Proof. That r < 4, as well as 2), is extracted from [TJ, p. 402-403. 

If r = 2 and & is not 2-transitive on X, then by loc.cit, X = F p d, 
p prime = 3 mod 4, d is odd, <& = £F^, £ < GL d (F p ), Card(£) is 
odd. In this situation, — 1 : £tr 1 — >■ — x, x G X , normalizes (5, {1, — 1}® 
is 2-transitive on X, and 1) follows from the well-known classification 
of 2-transitive solvable permutation groups. □ 

Corollary 5.3. If 4 < r < (n+ l)/2, (A n ,a r ), (A n ,a n+ i_ r ) are not 
elliptic over r). The pairs (A n ,a 3 ), (A n , a n _2) are elliptic over i] only 
if n = 7 or 31. The pairs (A n , a 2 ), (A n , a n _i) are elliptic over i] only 
if n = p d — 1, p prime, d > 1. 

Proof. This is immediate from (5.2), (3.1), 1). □ 

Proposition 5.4. Letp be a prime number, d>l,n = p d — l. Then 
(A n , 0J2), (A n , a n -i) are elliptic over 77 ifp = I, and only if p = £, when 
d>2. 
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Proof. Any solvable subgroup of <5 n +i transitive on the collection of 
subsets of {1, ■ ■ ■ ,n + 1} of cardinality 2 is of the form £9 = £F^, 
where £ is a subgroup of GLd(F p ) irreducible on F^. When d > 2, by 
(4.2), 1), (3 is a quotient of 771(77,77) only if p = £, therefore, (A n ,a 2 ), 
as well as (A n , a„_i), is elliptic only if p — £, (3.1), 1). 

Suppose p = £. The group of affine linear transformations of F £ d = 
{1, • • • ,n+l} is 2-transitive, and is a quotient of 71-1(77,77) (4.1), thus, 
(A n ,a 2 ), (A n ,a n -i) are elliptic. □ 

Proposition 5.5. Let p be an odd prime different from £, n — p — 1. 
For p = 1 mod 4, (A n , a 2 ), (A n , a„_i) are elliptic over 77 if and only if 
Card(/c(s)) modp generates F p . Forp = 3 mod 4, (A„,a: 2 ) ; (A„,« n _i) 
are elliptic overt] if and only if Card(/c(s)) modp generates a subgroup 
ofFp of index < 2. 

Proof. The pairs (A n ,a: 2 ), (A n ,a„_i) are elliptic over 77 if and only if 
some representation p : 771(77,77) — > & p has image transitive on the 
collection of 2-point subsets of {1, ■ • • ,p} = F p , (3.1), 1). 

By (5.2), 1), and the classification of 2-transitive solvable permuta- 
tion groups of degree p, the image of p has to be either the group of 
all affine linear transformations of F p , or, if p = 3 mod 4, the group of 
affine linear transformations of F p generated by the translations and 
the scalar multiplications x h-» ax, a e (F* ) 2 . 

Now, (4.2), 2) applies. □ 

Proposition 5.6. The pairs (A 7 ,a 3 ) ; (A 7 ,a 5 ) are elliptic over 77 i/ 
and on/7/ i/s zs 0/ characteristic 2. 

Proof. Either of the two solvable subgroups of 6 8 transitive on the 
collection of 3-point subsets of {1, • • • ,8} = F 8 contains an F 8 , (5.2), 
2). So (^7,0:3), (^7,0:5) are elliptic over 77 only if s is of characteristic 
2, (3.1), 1). 

If char(s) = 2, the group of affine transformations of F 8 is a quotient 
of 771(77,77), (4.1), therefore, (^7,0:3), (^7,0:5) are elliptic over 77, (3.1), 
1). " □ 

Proposition 5.7. The pairs (^31,0:3), (A 3 i,a 29 ) are elliptic overt] 
if and only if s is of characteristic 2 and 5 \ [s : F 2 ] . 

Proof. The pairs (A 3 i,a 3 ), (^31,0^9) are elliptic over 77 if and only if 
the group <3 of affine semi-linear transformations of F 32 is a quotient 
of 771(77,77), (3.1), 1), (5.2), 2). 
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As contains F 32 , it is a quotient of 77-1(77,77) only if s is of charac- 
teristic 2. 

Suppose char(s) = 2. 

Evidently, when is a Galois group, its wild inertia subgroup must 
consist of all translations, its inertia subgroup all affme linear trans- 
formations, and the group 0*, generated by the Frobenius and scalar 
multiplications, be isomorphic to the maximal tame quotient of 0. 

By (4.2), 2), 0* is a quotient of 711(77,77) if and only if Card(fc(s)) mod 
31 is of order 5 in F^, or equivalently, 5 \ [s : F 2 ], for Card(/c(s)) = 
2^1 and 2 is of order 5 in F£. 

Suppose 5 f [s : F 2 ]. 

Let 77' — > 77 be connected, unramified over S of degree 5, let S' be 
the normalization of S in 77', s' G S' the closed point, £ G G&\(r]' / rj) a 
generator, n G T(Os) a uniformizer, and u' G r((9s/) x such that the 
images of u' , C( M ')> ' ' ' > C 4 ( M i n form a normal base over fc(s). 

Then 

t/[z, an, • • • , x 5 }/(z 31 - 7T, x\ - 1 - <(«'), • • • ^5 - 1 - <V)) 
is Galois over 77 of group &. □ 



6. Type 2 A 

Lemma 6.1. Let d be an integer > 1, X a set with 2d — l elements, 
(3 a solvable subgroup o/Aut(X) permuting transitively the subsets of 
X of cardinality d. Then X, C5 are 

1) X = I, = 1. 

2) X = {1,2,3}, (S = 63 or2t 3 . 

3) X — F 5; <8 consists of all affine linear transformations 

A af) : x h^- ax + b, x G F 5 , aGF 5 x , b G F 5 . 



Proof. If d = 1, X = 1, = 1, hence 1). Suppose d > 1. 

Show is transitive on X: otherwise, some 0-orbit, say O, has 
cardinality < d. Complement O to a set F with d elements. Then 
O = gO C gY, V (7 G 0, that is, O is contained in every subset of X of 
cardinality d. But as Card(X\0) > (2d — 1) — d = d— 1, X\0 contains 
a set F' with d elements, which is disjoint with O. 

Fix a point o G X, let O be its stabilizer in 0. 
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Show O is a maximal subgroup of : assume O < $) < 0, for a 
group S). Then 1 < (0 : Sj), (Sj : O ) < d, because 

(0 : : O ) = (0 : O ) = Card(0.o) = Card(X) =2d-l. 

As fj.o ~ Sj/<5 , X\(Sj.o) has cardinality > (2d — \) — d — d—\. Pick a 

V C X\(fj.o) with d elements so that gY fl gSj.o = 0, V <? G 0. Hence 
any subset of X of cardinality d is disjoint with some gSj.o. But if VI is a 
set of representatives for <&/Sj, as Card(^K.o) < Card(^K) = (0 : Sj) < d, 
a set Y' D 91o with d elements intersects all gSj.o, g G 0. 

Show O does not contain normal subgroups of other than 1: given 
01 < O , 9T normal in 0, then Vlg.o = gVl.o = g.o, V g G 0, i.e. 9T 
fixes pointwise 0.o = X. So 91 = 1. 

Let il be the last term > 1 in the derived series of 0. Since is 
solvable, [11,11] = 1, i.e. il is abelian, thus is a 0-module. Let V C it 
be a simple sub-0-module ; it is an F p -vector space for a prime number 
p. Let / = dim V. 

Show V<3 = : since V is not a subgroup of O , V0 O contains O 
properly. So V<5 = 0, for O is maximal in 0. 

Show V fl O = 1 : the group V fl O is normalized by O and by V, 

V being abelian, thus by V0 O = 0. Hence, V fl O is a sub-0-module 
of and is different from V, therefore is I. 

Show V — > X, v i— >■ f .o, is a bijection : it is surjective because 
X = 0.o = V& .o = V.o. It is injective because if v.o = v'.o, then 
irV G y n O = 1, that is, v = v'. 

Now, pf = Card(V) = Card(X) = 2d - 1, so p > 2. 

Show the representation O — >■ GL(V), g >->■ int(y), is faithful : if 
g G O and int(g) = 1, then gt>.o = gvg~ x .o = mt(g)(v).o = v.o, 

V v G V, i.e. 5 stabilizes each point of V.o = X. So # = 1. 

Let p' be a prime number with d < p' < 2d (Bertrand's postulate). 

Show p' = p: suppose p' ^ p. Note that p' divides ( 2d d " 1 ) , the number 
of subsets of X of cardinality d, thus divides Card(0) = p? Card(0 o ), 
thus divides Card(0 o ), then divides Card(GL(V)). So p' divides p l — 1, 
for some i — 1, • • • , /, i.e. p' = p % — 1, since — 1 = 2d — 2 < 2p' — 2. 
But p' is odd, p l — 1 is even. 

Show / = 1: it is because — 2d — 1 < 2p' — 1 = 2p — 1. 

Show d < 3 : one has the division 




Card(0) | p.Card(GL(V)) = p{p - 1) = (2d - l)(2d - 2). 
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If d = 4, ( 2d ~ 1 ) = 35 does not divide (2d - l)(2d - 2) = 42. If d > 5, 
( 2 V)>(2rf-l)(2rf-2). 

If d = 2, X = {1, 2, 3}. As C5 is transitive on X, it may be 6 3 or 2l 3 . 
Both do permute transitively the 2-point subsets of X, hence 2). 

If d = 3, X ~ V has 5 elements, 10 subsets of cardinality 3. Since 
< V.GL(y), Card(0) divides 20, thus Card(0) = 20 or 10. Accord- 
ingly, may be V.GL(V), the group of affine linear transformations of 

V = F 5 , or its subgroup consisting of those A a:b : x ^ ax + b, such 
that a G (F 5 X ) 2 . 

The group V.GL(V) is transitive on the 3-point subsets of X, for it 
is 2-transitive on X : given u, v G F5, u/n, there is an affine linear 
transformation A afe : rr 1— >■ ax + b such that A aj &(0) = u, A ab (l) = v. 
Indeed, b = u, a = v — u. 

The group S) permutes the 2-point subsets of X in two orbits, namely, 
the collection of {u,v} C X, where respectively u — v is or is not a 
square of F£ . So on the 3-point subsets of X, has two orbits as well. 
Therefore, when d = 3, & = V.GL(V), hence 3). □ 

Now, suppose given an integer d > 1, a set X with 2d elements, a 
solvable subgroup (5 of Aut(X) permuting the subsets of X of cardi- 
nality d in 2 orbits. 

Lemma 6.2. 7/0 is not transitive on X , 1) or 2) or 3) hold : 

1) X = {o,l},05 = l. 

2) X = {o, 1, 2, 3} ; C5 fixes o ; on {1, 2, 3} 7 zs either & 3 or 2l 3 . 

3) X — {0} U F 5; C5 /ixes o and is tae oronp 0/ affine linear trans- 
formations 0/F5. 

Proo/. Let O C X be a 0-orbit of cardinality < d. Pick F', F C X with 
d elements such that Y' D O, F n O = 0. Then aF' D O, aF fl O = 0, 

V (? G C5. Thus any subset of X of cardinality d either contains O or is 
disjoint with it. Let o G O, y G F . The set {0} UF\{y} has d elements 
and intersects O in {o}. So O = {o}. 

Since X\{o} has 2d — 1 elements and its subsets of cardinality d are 
permuted transitively by 0, the previous lemma applies. □ 

Lemma 6.3. Let o G X , C5 its stabilizer in &. If (S is transitive 
onX,(5 Q <$)< & for a group $), with (0 : Sj) even, then either 1) or 
2) holds : 

1) X = Z/4Z, & consists of either all transformations 
A af) : x i-)- ax + 6, x G Z/4Z 
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a E (Z/4Z) X ; 6 E Z/4Z, or only x^x + b,bE Z/4Z. 

2) X — {1, • • • , 6} ; & is either the normalizer in Aut(X) of a parti- 
tion X = {a, b, c} U {u, v, w}, or a group 0.2Ut({a, 6, c})Mlt({u, v, w}), 
where H has generators in one of the following : 

i) (au)(bv)(cw) 

ii) (aubv)(cw) 

Hi) (au)(bv)(cw),(ab)(uv) 

Proof. Let = 2r. Note that 

, Card(X) (0 ^ , ^ . 

d = = y :<S )=r Card(ij.o). 

If d\ = {g±, ■ ■ ■ ,(?2r} C (5 is a set of representatives for Z : = 

• • • , g r }$j.o has d elements. 

As Card(^H.o) < Card(9t) = 2r < d, a set Z' D 9to with d elements 
intersects all gfi.o, g E (5. 

Thus any subset of X of cardinality d either equals Jij.o for some 
3 C £H of cardinality r, or intersects all gij.o, g E (3. 

Necessarily, r = 1 : if r > 1, {g 1 , ■ ■ ■ ,g r }Sj.oU {g r+ i.o}\{gi.o} has d 
elements, is disjoint with g2r$)-o, but is not a 3S).o, for any 3 C 5R. 

So £K = {<7i,<72}, Card(f).o) = d, X = i^.o U ri^.o, r = gf 1 ^, and 
the subsets of X of cardinality d distinct from S).o, tS).o are permuted 
transitively by (B. 

Show d < 3 : if d > 3, if d E £.o\{°}, both 

y = {o} U rf).o\{T.o} , y' = {o, o'} U rio.o\{r.o, r.o'} 

are of cardinality d, different from Sj.o, tS).o, but Y ^ gY', V g E 0, 
for y fl .f).o has 1 element, while (?y fl i}.o, as y fl g~ l S).o, has either 
2 or d — 2 elements. 

If d = 2, Card(X) = 4, Card(£.o) = 2, ft < Aut(^.o) x Aut(r^.o), 
Card(-ft) = 4 or 2, Card(<3) = 8 or 4. 

If Card(C5) = 8, (3 is a 2-Sylow subgroup of Aut(X) = (5 4 , therefore 
is isomorphic to the group of transformations A a ^ : x ^ ax + b, a E 
(Z/4Z) X , b E Z/4Z, on X = Z/4Z. The subgroup consists of those 
A a ,b '■ x h-> ax + 6, where 6 = mod 2 ; it is the Klein group and 
permutes the 2-point subsets of X in 3 orbits. 

If Card((J5) = 4, (3 is of index 2 in a 2-Sylow subgroup of ©4, but 
cannot be a Klein group, thus must be the group of translations x y-t 
x + 6, b E Z/4Z, on X = Z/4Z. And S) consists of those x (->■ x + 6, 
where 6 = mod 2. 
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In either case, {0,2}, {1,3} form one 0-orbit, and {0,1}, {0,3}, 
{2, 1}, {2, 3} form the other orbit, hence 1). 

Consider d — 3, Card(X) = 6. Evidently, is not contained in 
Aut(.fj.o) x Aut(rij.o). Let 9T be the normalizer in Aut(X) of the 
partition X = S).oVJrS).o ; Card(9T) = 72. As the 3-point subsets of X 
distinct from S).o and tSj.o, 18 in number, are permuted transitively 
by 0, Card(0) is divisible by 18, (91 : 0) = 1, 2 or 4. 

Write X = {1, • • • , 6}, S).o = {1, 2, 3}, r£.o = {4, 5, 6}. Then = 
*PjQ, where «p = 2Ut({l, 2, 3}) x 2llt({4, 5, 6}), is a 2-Sylow subgroup 
of 0, of order 2, 4 or 8. 

i) If Card(H) = 2, i.e. H = {1,7}, 7 is of order 2. If say 7 : 1 (->■ 4, 

2 H> 5, 3 H> 6, then 7 = (14)(25)(36). 

ii) Suppose H is cyclic of order 4 of generator 7, and 7 : 1 1— >■ 4, 2 1— >■ 5, 

3 (->■ 6. As 7 2 is of order 2, normalizes {1, 2, 3}, it fixes a point, say 3. 
Then 7 2 (6) = 7 2 (7(3)) = 7(7 2 (3)) = 7 (3) = 6, so 7 = (1425)(36). ' 

iii) Consider H = {l,a, ^,7} of order 4, non cyclic, 7 normalizing 
{1,2,3}. Then 7 fixes a point, say 3. If (3 : 1 1— > 4, 2 1— >• 5, 3 1— > 6, 
i.e. /3 = (14)(25)(36), then a(3) = 01(7(3)) = (3(3) = 6, and a = 
(15)(24)(36), 7 = (12)(45). 

iv) if Card(n) = 8, = m. 

Observe that has 4 orbits on the 3-point subsets of X; and, one 
inspects that in all the cases i)-iv) permutes the 3-point subsets of 
X in 2 orbits, hence 2). □ 

Lemma 6.4. Let o e X , O its stabilizer in 0. If (3 is transitive on 
X, & < Sj < 0, with (0 : $)) odd, then X = {1, • • • , 6} ; is either 
the normalizer 'OX in Aut(X) of a partition X = {a, a'}U{b, 6'}U{c, c'}, 
or the subgroup o/OT generated by (aa 1 ), (bb 1 ), (cd), (abc)(a'b'c') . 

Proof. Let (0 : ft) = 2r + 1, r > 1, <H = {g u • • • , g 2r +i} C a set of 
representatives for <5/S). Since 

Card(-fj.o) is even, = 2/, / > 1. Pick £> C g r+ i.fj.o\{g r+ i.o} of 
cardinality /. Then Y = {<?i, • • • ,g r }F)-o U B has d elements. As 
Card(£K.o) < Card(9V) < d, a set F' D £K.o with d elements intersects 
all gfi3.o, g G 0. Hence any subset Z of X of cardinality d either inter- 
sects all gSj.o, g G 0, or equals DLf).oU-E>', for some J C 9^1 of cardinality 
r, some 5' C zi}.o of cardinality f,z<E DV\3. In the latter case, Z 
intersects precisely r + 1 members of {gifi.o, ■ ■ ■ , g2r+if)-o}. 
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Show f — 1 : if / > 1, the set 

{gi, ■■■ , g r -i}$)-o U (g r S).o\{g r .o}) U (B U {g r+1 .o}) 

has d elements, is disjoint with g 2r +iSj.o, but is not a 3$).oUB' for any 
3 C UK of cardinality r, B' C zfj.o of cardinality f,z<E UK\3. 

Thus Card(£) = / = 1, d = 2r + 1. 

Show r = 1 : if r > 1, the set 

{Qi, • • • , SV-i}#-0 U (sv£.o\{3v.o}) U {sv+i.o} U {^ar+i-o} 

has d elements, is disjoint with g r+2 $).o, but intersects r + 2 members 
of {#iio.o, • • • ,g 2r +iSj-o}. 

This gives d = 2r + 1 = 3, UK = {^1,^2,^3}, Card(^.o) = 2, and X 
has 6 elements, 20 subsets of cardinality 3, among which 8 intersect all 
gjSj.o, j G {1, 2, 3}. So has order divisible by 8 and by 20 — 8 = 12, 
thus divisible by 24 ; it is either Ul, the normalizer in Aut(X) of the 
partition X = g\S).o U g 2 S^.o U g^.o, or the subgroup of Ul of index 2, 
generated by Aut(gjSj.o) and an element 7 G Aut(X) of order 3, which 
rotates gjSj.o, j = 1, 2, 3. 

In either case, permutes the 3-point sets of X in 2 orbits, hence 
the lemma. □ 

Lemma 6.5. Let o G X , O its stabilizer in 0. If & is transitive 
on X, and O is a maximal subgroup of (3, then X = F 8 , consists 
of either all affine semi-linear transformations 

A a ,b,c '■ x ^ o J x 2C + b, x G F 8 , 

a G Fg , be F 8; c G Z/3Z, or only the affine linear transformations 

A a ,b '■ x | — > a % + b, x G F 8 , 

aGF 8 x ; 6GF 8 . 

Proof. One has = V<3 , for a group V, where V is normal in 0, 
simply transitive on X, isomorphic to a vector space over a prime field 
F p , and is a faithful irreducible representation of O . Identify V with X 
via the bijection v >->■ t> .0. If / = dim V, 7/ = Card(V) = Card(X) = 
2d. Sop = 2,d = 2f~\ Clearly, / > 1. 

Show f > 2 : otherwise, O being irreducible on V, cannot be a 
2-group, thus is of order divisible by 3. So, = ©4 or 2I4. But both 
are transitive, rather than have 2 orbits, on the 2-point subsets of X. 

Therefore, d = 2 /_1 > 4. 

A hyperplane H of V has 2^~ l = d elements. Given different hyper- 
planes H 1 ,H 2 , the intersection HiDH 2 has dimension / — 2, cardinality 
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2/- 2 = d/2, and Card(# 2 \#i) = d/2. For any g G 0, either or 
V\gH is a hyperplane. Consequently, Card(gH\H) G {0, d, d/2}. 

Fix v G V\.ff. The set F := {w} U #\{°} has d elements. As 
Card(F\7d) = 1 ^ {0, d, d/2}, neither F nor its complement is a hy- 
perplane. 

Hence the subsets of V of cardinality d are g H, and gF, g £ (3. 
Show / = 3: if / > 4, if « G if\{0}, the set 

Z = {v,u + v}U H\{0,u} 

is of cardinality d, 7^ gH,gY, because Caid(gH\H) G {0,d, d/2}, 
Card(gY\H) = Card(F\^~ 1 /d) G {l,d - 1, d/2, (d/2) ± 1}, while 
Card(Z\#) = 2 ^ 0, 1, d, d - 1, d/2, (d/2) ± 1, as d > 8. 

Now P(V) = P 2 ; it has 7 points rational over F 2 , that is, V has 7 
hyperplanes. So 7 divides Card((5) and Card(C5 G ). Once choosing an 
identification V = F 8 , a 7-Sylow subgroup of O is the group of scalar 
multiplications (7 a : x 1— >■ ax, x G F 8 , a G Fg . 

Suppose g G GL(V) normalizes {o" a }- As det(T — gcr a g~ l , V) = 
det(T-a a ,V) = (T — a)(T — a 2 )(T — a 4 ) , there exists a c G Z/3Z such 
that g<7 a 9~ l = o"F c (a) = F c <3 a F~ c , where F : x 1— > x 2 is the Frobenius. 
It follows that F~ c g commutes with {<J a }, thus lies in {<J a }- Hence 
the normalizer 91 of {u a } in GL(V) is the group of transformations 
x H> ax 2 \ aeF*,ce Z/3Z. Note that Card(9T) = 21. 

Show 2 f Card(0 o ) : otherwise, (2» being solvable, let .f) < (J5 be a 
Hall subgroup containing {<J a } and of order 7.2- J , j > 1. Necessarily, 
j < 3, because Card(GL(F)) = 2 3 .3.7. As Card(91) = 21, $j is not 
a subgroup of 91, that is, {a a } is not normal in ft, so j 7^ 1,2. If 
j = 3, ij has a unique 2-Sylow subgroup 0, for the number of 7-Sylow 
subgroups of is = 1 mod 7, i.e. 8. Then since is 2-Sylow in GL(V), 
the center of H is of order 2, normalized by {<J a }, thus centralized by 
{cr a }, therefore contained in 91. This is absurd. 

As Card(<3 ) = 7 or 21, {a a } is normal in <3 , i.e. O < 91, and 
may be F91, the group of affine semi-linear transformations 

A a ,b,c '■ x >-> a^ 2 " + b, x G F 8 , 

a G Fg , 6 G F 8 , c G Z/3Z, or its subgroup F{o" a } consisting of the 
affine linear transformations 

A a ,b x ax + b, x G F 8 , 

aGF 8 x , 6GF 8 . 

In F 8 , there are 70 subsets of cardinality 4. So both groups have 
> 1 orbits on these subsets. The 7 hyperplanes and their complements 
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evidently form one orbit under either group. Given a Y in the rest 
70 — 14 = 56 subsets of cardinality 4, if & denotes the stabilizer of Y 
in V{a a }, then & < Aut(F) = (5 4 , in particular, 7 \ Card(<5), so & is 
contained in the group of translations, thus & = 1, by the choice of Y, 
whence the orbit V{cr a }.Y consists of 56 members. This concludes the 
proof. □ 

Summarizing (6.2)-(6.5), one obtains 

Proposition 6.6. Let d be an integer > 1, X a set with 2d ele- 
ments, (3 < Aut(X) a solvable subgroup permuting the subsets of X of 
cardinality d in 2 orbits. Then X, & are classified as 

1) X = {o,l},<& = \. 

2) X = {o, 1, 2, 3} ; <S fixes o ; on {1, 2, 3} ; it is 6 3 or 2l 3 . 

3) X = {o} U F 5; (3 fixes o and is the group of affine linear trans- 
formations 0/F5. 

4) X — Z/4Z, & consists of either all transformations 

A a:b : x i-> ax + b, x G Z/4Z, 

a G (Z/4Z) X ; b G Z/4Z, or only x^x + b,be Z/4Z. 

5) X — {1, • • • , 6} ; (5 is either the normalizer in Aut(X) of a parti- 
tion X = {a, b, c}U{u, v, w}, or a group 0.2Ut({a, b, c}).2Ut({w, v, w}), 
where has generators in i), or ii) or Hi) : 

i) (au)(bv)(cw) 

ii) (aubv)(cw) 

Hi) (au)(bv)(cw), (ab)(uv). 

6) X — {1, • • • ,6} ; & is either the normalizer 9T in Aut(X) of a 
partition X = {a, a'} U {b, b'} U {c, c'}, or the subgroup o/91 generated 
by (aa r ), (66'), (cc') ; {abc){a'b'c') . 

7) X = F 8; (& consists of either all affine semi-linear transformations 

A a ,b,c '■ x h-> ax 2 " + b, x G F 8 , 
a G Fg , b G F 8; c G Z/3Z, or onfo/ i/ie a^we linear transformations 

A a ,b '■ x I—)- ax + b, x G F 8 , 

aGF 8 x ; 6GF 8 . 

Lemma 6.7. Let d be an integer > 1, X a set with 2d elements, & 
a solvable subgroup of Ant (X) permuting transitively the subsets of X 
of cardinality d. Then X, (3 are 

1) X = {1,2},& = & 2 . 

2) X = {1,2,3,4}, (3 = 64 or2t 4 . 
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Proof. Let o G X be a point, O its stabilizer in 0. As usual, = V& , 
V normal in 0, simply transitive on X, isomorphic to a vector space 
over a prime field F p , and is a faithful irreducible representation of O . 
Write / = dim V. Then pf = Card(V) = Card(X) = 2d, so p = 2, 
d = 2'- 1 . 

Identify V with X through the bijection v h-> t>.o. Every subset of V 
of cardinality d is some gif , g G 0, where if is a fixed hyperplane in V. 
So / < 2, for otherwise, neither V := {v} U /J \{0} nor its complement 
is a hyperplane, if a vector t> is chosen in the complement of H . 

If / = 1, X = {1, 2}, on which is transitive, so = 6 2 . 

If / = 2, as O is irreducible on V, it is not a 2-group, thus has order 
divisible by 3. Hence, = 64 or 2l 4 . Both do permute transitively the 
2-point subsets of X. □ 

Proposition 6.8. Let d be an integer > 2, X a set with 2d elements, 
& < {1,-1} x Aut(X) a solvable subgroup permuting transitively the 
subsets of X of cardinality d, (3 ^ Aut(X). Here —1 sends any Y of 
cardinality d to X\Y. Then X, & are 

1) X = {o,a,6,c} ; & = {1,-1}6 4 , {1,-1}21 4; {1, -l.(oa)}2l 4; 
{1, -l}Aut({a, b, c}), {1, -l}2llt({a, b, c}), {1, -l.(oa)}2Ut({a, b, c}). 

2) X = {0} U F 5; = {1, — 1} x Sj, where S) fixes o and is the group 
of affine linear transformations o/F 5 . 

Proof. The subgroup Sj := n Aut(X) is of index 2 in 0. Let Y be 
a subset of X of cardinality d, & be its normalizer in 0. If & ^ $), 
is transitive on 0/(3. If & < $), $)/& C 0/6 exhausts half among all 
subsets of X of cardinality d ; in particular, has 2 orbits on 0/(5. 

If £ is transitive on 0/6, then Card(X) = 4, £ = 64 or 2t 4 (6.7). 
Accordingly, is either {1, — 1}6 4 or a subgroup of {1, — 1}6 4 of index 
2 containing 2l 4 , i.e. {1, — 1}21 4 or {1, — l.(afe)}2l 4 , for some (afo). 

If permutes 0/6 in 2 orbits of the same size, then by the proof of 
(6.6), i) or ii) holds : 

i) X = {o, 1, 2, 3}, S) = Aut({l, 2, 3}) or 2Ut({l, 2, 3}). 

ii) X = {0} U F 5 , .f) fixes o and is the group of affine linear transfor- 
mations of F 5 . 

Let 91 denote the normalizer of f) in {1, — l}Aut(X). Clearly, < 91. 

In case i), both Aut({l,2,3}) and 2llt({l, 2, 3}) have normalizer 
equal to {1, -l}Aut(X) = m. If Sj = Aut({l, 2, 3}), = VI. 
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If f> = 2Ut({l,2,3}), (m : 0) = 2, = {1, — l}2llt({l, 2, 3}) or 
{1, -l.(oa)}2Ut({l, 2, 3}), for some a G {1, 2, 3}. 

In case ii), 91 = {1, -1} x $) : if g G 91H Aut(X), ,%.o = gij.o = g.o. 
So g.o = o, and g preserves F 5 . Let 

A:x^(g(l)-g(0))x + g(0), xeF 5 

Then /i := g~ x A fixes o, 0, 1, normalizes {T b : x 1— > x + b}, the unique 
5-Sylow subgroup of .fj. 

As hTih~ l (Qi) = 1 = Ti(0), KF\hr x = Ti, that is, h commutes with 
{T b }, therefore = 1, for h(b) = hT b (0) = T b h(0) = b, V b G F 5 . One 
finds that g = A G $). Finally, <5 can only be 91. □ 

Proposition 6.9. Let S, r), s be as in §4. Any ( 2 A 3 , a 2 ) overt] is 
elliptic. If n > 5, ( 2 A n ,an±i) zs noi elliptic. 

Proof. That ( 2 A n , an+i), n odd > 5, is not elliptic follows immediately 
from (3.1), 8), and (6 2 .8). 

For any pair ( 2 A 3 ,a 2 ) over 77, then in the notations of (6.8), 1), the 
group {1, — l}2Ut({a, 6, c}) = Z/6Z is clearly realizable as a quotient of 
771(77,77) lifting the given index, that is to say, ( 2 A 3 ,a 2 ) is elliptic over 
77, (3.1), 8). □ 

Proposition 6.10. Let S, i], s be as in §4, char(s) — i. If £ = 5, 
any ( 2 A5,a 3 ) overt] is elliptic. When (£,5) = 1, a pair (^5,0:3) over 
77 is elliptic if and only if 2 A 5 is ramified over S, and Caxd(k(s)) mod 
5 generates F5 . 

Proof. By (3.1), 8), and (6.8), 2), a pair ( 2 A 5 ,a 3 ) over i] is elliptic if 
and only if there exists a surjection 

P = (Pi,p 2 ) : tti(?7,77) ->■ {1,-1} x ft = &, 

whose first component is the index of 2 A 5 , where S) denotes the group 
of affine linear transformations of F5. 

Note that f) is a quotient of 771(77,77) if and only if either £ = 5 (4.1), 
or (£,5) = 1, Card(A;(s)) mod 5 generates F£ , (4.2), 2). 

Let 2 A' 5 — > i] correspond to the index of 2 A^. 

Suppose first 2 A' 5 be unramified over S. 

If p = (pi, P2) exists, P2 has to be totally ramified over S, so £ = 5. 
When £ = 5, choosing a uniformizer n G T(Os), then 

2 A' 5 x v i][z, x}/(z 4 - tt, x 5 - x - 2T 1 ) 

is Galois over rj of group (3. 

Next, assume 2 A' 5 is ramified over S. 
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If £ = 5, letting n G T(Os) be a uniformizer, 7/ — > 77 be connected, 
unramified over S of degree 4, S' the normalization of 5 in 77, s' G S" 
the closed point, £ G Gal(?//?7) a generator, and tt' G r((9,s/) x such 
that the images of u', ((u'), ( 2 (u'), ( 3 (u') in k(s') form a normal base 
over k(s), then 

2 A' 5 X v 7]'[X!, ■ ■ , X 4 }/ (x[ -Xi- ((u')^ 1 , ■■■ ,x\-X4- CV')^ 1 ) 

is Galois over 77 of group 0. 

If (£,5) = 1, and Card(/c(s)) mod 5 generates F£ , then 2 A' 5 77' 
is Galois over 77 of group 0, where 77' — >■ 77 is tame along s, Galois, of 
Galois group cf. (4.2), 2). □ 

7. Type £ 

Let S, 77, s be as in §4. 

Let n be an integer > 3, e±, • • • ,e n the standard base of Z n , and 
2U the subgroup of GL„(Z) generated by the diagonal matrices and 
monomial matrices. 

Proposition 7.1. //char(s) =2, (B n ,a n ) is elliptic over rj. 

Proof. It is because the group generated by the diagonal matrices and 
the element ( : e\ > e 2 , • • • , e n 1— > e l7 permutes transitively the vectors 
±ei ± • • • ± e n , and is a quotient of 711(77,77), (4.1), (3.1), 2). □ 

Proposition 7.2. The pair (B 3 ,a 3 ) is elliptic overt]. 

Proof. The elements a, b of GL 3 (Z), 

f a : ei i-> ei, e 2 •->■ e 3 , e 3 >-)■ — e 2 
\ 6 : ei -ei, e 2 h-> e 2 , e 3 h-> e 3 

satisfy the relations 

a 4 = 1, o 2 = 1, a& = 6a. 

The group (a, 6) = Z/4Z x Z/2Z is simply transitive on {±ei ±e 2 ±e 3 }, 
and is a quotient of ^1(77,77). So (£? 3 , a 3 ) is elliptic over 77, (3.1), 2). □ 

Proposition 7.3. //char(s) > 2, (S 4 ,a 4 ) is elliptic overrj. 

Proof. Define a, b,c,d<E GL 4 (Z) by 

f a : ei h> e 2 , e 2 >->■ -ei, e 3 h> e 3 , e 4 >->■ e 4 
I b : e 1 i-)- ei, e 2 (->■ e 2 , e 3 >->■ e 4 , e 4 h-> -e 3 

f c : ei h-> e 2 , e 2 h-> e 3 , e 3 >->■ e 4 , e 4 >->■ -ei 
I d : ei i-> e 3 , e 2 !->■ -e 4 , e 3 h-> — ei, e 4 >-)■ e 2 
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They satisfy the relations 

a 4 = b 4 = 1, ab = ba, c 8 = 1, d 4 = 1, cdc~ l = d~ l . 

The group (c, d) is quaternion of order 16, and (a, b) is isomorphic 
to Z/4Z x Z/4Z. Both are simply transitive on {±ei ± e 2 ± e 3 ± 64}. 

If Card(/c(s)) = 1 mod 4 (resp. Card(/c(s)) = -1 mod 4), (a, b) 
(resp. (c,d)) is a quotient of 71-1(77,77). So (54,0:4) is elliptic over 77, 
when char(s) is odd. □ 

Proposition 7.4. //char(s) > 2, (B 5 ,a 5 ) is not elliptic overt]. 

Proof. Assume (^5,05) is elliptic, and p : 7r 1 (7/, rj) — > 20 is a represen- 
tation whose monodromy is transitive on {±ex ± ■ ■ • ± e 5 }. Extending 
the base r\ if necessary, suppose the monodromy (3 is a 2-group, in par- 
ticular tame, with generators a, r, ara^ 1 = r q , q = Card(/c(s)). The 
order Card(C5) is divisible by 32. 

Since GL 5 (Z) contains no element of order 16, r 8 = a s = 1. 

For any q = 1, 3, 5 or 7 mod 8, <t 2 T(T" 2 = T q2 = r, i.e. cr 2 commutes 
with t. 

If r is of order 8, its characteristic polynomial is (T 4 + 1)(T — 1) or 
(T 4 + 1)(T + 1). Some vector in {e±, ■ ■ ■ ,e 5 } is an eigenvector of r, 
say r(e 5 ) G {e 5 , — e 5 }. Then (r) normalizes and is simply transitive on 
{±ei, • • • , ±e 4 }. The equation era -1 = r q gives 

o-(e 5 ) = ±o-r(e 5 ) = ±r q a(e 5 ). 

So (r(e 5 ) G {e 5 , — e 5 }, o" normalizes {±ei, • • • , ±e 4 }. Put 

F = Zei + Ze 2 + Ze 3 + Ze 4 . 

On c 2 \V, being commutative with r\V, equals some power of r\V, 
that is, a 2 \V = t' 1 \V, i = 0, 2, 4 or 6. For this i, as o- 2 (e 5 ) = r^es) = e 5 , 
one finds that a 2 = r % . But then = (r) U (r)a is of order < 16. 

If r 4 = 1, a is of order 8, and ara^ 1 = r or r _1 . In either case, r 2 
commutes with a. 

If the characteristic polynomial of r is (T 2 + 1) 2 (T ± 1), with say 
r(es) G {es, — e$}. Note that then 

o"(e 5 ) = ±(rr(e 5 ) = ±r 9 o"(e 5 ), q = 1, — 1 mod 4. 

Therefore, a normalizes {es, — es}, also normalizes {±ei, • • • , ±64}. 
Similarly as above, r 2 = cr*, % G {0,4}. But = (tr) U r(a) U r _1 ((7) 
has order < 24. 

If the characteristic polynomial of r is (T 2 + 1)(T + 1)*(T - l) 3_i , 
7 G {0,1,2,3}, with say r(e 3 ) = ±e 3 , r(e 4 ) = ±e 4 , r(e 5 ) = ±e 5 . Then 
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r normalizes {±ei,±e 2 }. The equation ara^ 1 = r q implies that a 
normalizes {±e 3 , ±e 4 , ±e 5 }, thus normalizes {±ei,±e 2 }. But then a 
cannot have order 8. □ 

Proposition 7.5. //char(s) > 2, n > 6, then (B n ,a n ) is not elliptic 
over rj. 

Proof. Assume (B n , a n ) is elliptic, and p : 711(77, 77) — > 2U is a representa- 
tion with monodromy permuting transitively the vectors ±ei±- • -±e n . 
Extend the base 77 so that the monodromy is a 2-group ; it is of order 
divisible by 2 n . 

Write D for the group of diagonal matrices in OH. Let *P be the 
image of (5 in & n = Q2J/D. The group Sfl6, being a sub-quotient of 
7Ti (77,77), has order < 4. Hence, Card(^3) is divisible by 2 n ~ 2 . 

Note that ord2(n!) < n — 1 ; the equality holds if and only if n is a 
power of 2. 

Hence, if n is not a power of 2, *}3 is a 2-Sylow subgroup of & n , so 
contains a conjugate of ((12), (34), (56)). But ((12), (34), (56)) cannot 
be a sub-quotient of 71-1(77,77). 

If n is a power of 2, thus n > 8, ^3 is of index < 2 in a 2-Sylow 
subgroup of & n . So a conjugate of ((12), (34), • • • , (n — l,n)), say 0, 
satisfies (0 : £} fl *P) < 2. But D being an elementary 2-group of 
order > 8, cannot be a sub-quotient of 711(77,77) either. □ 

8. Type C 

Proposition 8.1. Let rj be the spectrum of a completely discretely 
valued field of characteristic zero of finite residue field. For any integer 
n>l, (C n ,ai) is elliptic overt]. 

Proof. The subgroup (r() of GL n (Z), where ( : e\ >->■ e 2 , • • • , e n >->■ ei, 
and r : ei h> — ei, (->■ ej, V 7 > 1, is simply transitive on the set of 
vectors {ei, • • • , e n , -ei, • • • , -e n }. 

As Z/2nZ = (rC) is a quotient of 71-1(77,77), (C„, «i) is elliptic over 77, 
(3.2), 3). ^ ' □ 

9. Type D 

Let 5, 77, s be as in §4. 

Let n be an integer > 3, e±, • ■ • ,e n the standard base of Z n , %8 1 
the subgroup of GL n (Z) generated by the diagonal matrices Di of 
determinant 1, and the monomial matrices 9JT. 
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By conjugation, 22Ji acts on T>i, m : 2#i — > Aut(£>i). This action 
gives the canonical split exact sequence 

l -> ->• 2Hi art -> l. 

Lemma 9.1. ^4 group of monomial matrices is normalized by a 
diagonal matrix 5 if and only if it is centralized by 5. 

Proof. Let such a group of monomial matrices be $j. For any h E $), 
the element 5h5~ 1 h~ 1 is at the same time diagonal and monomial, so 
5h5~ l h~ l — 1, 8 commutes with S). □ 

Lemma 9.2. Any subgroup S) of 20i of odd order is conjugate to 
m(S)) by an element ofDi. 

Proof. Write any element of ft as 

h = 8(h)m(h), 5(h) E D u m(h) E 971. 

The function /i i— )■ 5(h) is a cocycle of with values in Si : 

5(gh) = 5(g)m(g)5(h)m(gY 1 , V g,hE$j 

hence, as H 1 ^, iDi) = 0, is a coboundary : 3 5 E D\, V h E f), 

= SmifySmih)- 1 . 

For any h E $), 

h = 5(h)m(h) = 5m(h)5m(h)- l m(h) = 5m(h)5-\ 
So ft = 5m(S))5- 1 . □ 

Proposition 9.3. If n is even, (D n ,ai) is elliptic over rj. If 
char(s) = 2, (D n ,ai), (D ni a n -i), (D n ,a n ) are elliptic overt]. The 
pairs (D 4 ,a 3 ), (D 4 , a 4 ) are elliptic overt]. 

Proof. Let ( : e± h- >■ ■ ■ ■ , e n (->■ e\. 

If n is even, (— 1,C) — Z/2Z x Z/nZ lies in QUi, is a quotient of 
7Ti (r),rj), and permutes transitively the vectors 

So, for n even, (D n , a±) is elliptic over 77, (3.1), 4). In particular, 
(I?4,q;i), thus (D4, ojj), i = 3,4, are elliptic. 

The group £>i(C) is transitive on {±ei, • • • , ±e n }, on 

{siei H h s n e n , Sj G {1, -1}, s 1 ---s n = -1}, 

and on 

{siei H h s„e n , s, G {1, -1}, si • • • s n = 1}. 
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If char(s) = 2, S)i(C) is also a quotient of 7Ti (77, ry) : Let 77' — >- 77 
be connected, unramified over S of degree n, let S' be the normal- 
ization of S in 77, s' G S" the closed point, ir G r(Og) a uniformizer, 
( G Gal(?//?7) a generator, and u' G r((9s/) x such that the images 
of u', C( u '), • • • , C n_1 ( M ') i n are a normal base over k(s). If b' : = 
1 + mV, then 

v '\ z ... z] , {z *-Wi ... * z >-^—) 

is Galois over r\ of Galois group S)i(C)- 

Hence, if char(s) = 2, (_D n ,a:i), (D n ,a n _x), (_D„,a n ) are elliptic over 



Proposition 9.4. Suppose char(s) > 2. For any odd integer n > 5, 
(D n ,ai) is not elliptic overt]. 

Proof. It suffices to show that for any odd integer n > 5 and for 
n = 3, no representation of 7Ti (77, 77) in W8 1 has image transitive on 



Assume the contrary, and let n be the smallest odd integer > 3 such 
that there exists a representation p : 771(77,77) — >■ QUi whose image (5 
acts transitively on {±ei, • • • , ±e n }. 

The inertia subgroup 9^ of is a semi-direct product <5(r), where 
r is of order a power of 2, 6 is characteristic in of odd order, and 
contains the wild inertia subgroup of &. 

Pick a 2-Sylow subgroup H of & containing r, and a Hall subgroup 
containing &, with Card(C5) = Card(ij)Card(l}). 

By (9.2), for some 5 G £>i, is monomial. Changing p to 

int(5) o p, assume is monomial. Therefore Sj, a priori S, normalizes 
{ei, • • • ,e n }. 

Let the ©-orbits in {ei, • • • , e n } be Oi, • • • , Oj ; the orbits have the 
same cardinality, since (3 is normal in 0. 

Thus n = d.Card(Oj), and d, Card(Oj) are odd. 

Given any g = 8(g)m(g) G &, with 5(g) G £>i, m(g) G 9Jt, the 
equality g&g^ 1 = & means 



77, (3.1), 4), 5). 



□ 



{±ei,-.. ,±e n }, (3.1), 4). 



5(g)65(g) 



-1 



m(g)&m(g) 1 = &. 



By (9.1), 5(g) centralizes & ; on each i — 1, • • • , d, 5(g) = ±1. And 
m(g) permutes the orbits Oj. 
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Considering Oi, • • • ,Od as the standard base of Z d , the image of 
in GL rf (Z) lies in the group generated by the diagonal matrices of 
determinant 1 and monomial matrices. 

So, by our choice of n, d = 1 or n. 

If d — 1, & is transitive on {ei, • • • , e n }. For any p € (55, either g or 
— g is monomial. As —1 ^ 2Bi, is monomial. But then cannot be 
transitive on {±ei, • • • , ±e n }. 

Next, consider d = n. Then (3 = 1, (55 is tame, £H = (r), is normal 
in 0, is cyclic, and = 0f). 

Suppose, on {±ei, • • • , ±e n }, r has orbits O^, • • • , O f r ; they all have 
the same cardinality, (r) being normal in 0. 

Hence, 2n = r Card(OQ. Either r = 2n, Card(C^) = 1, or r = n, 
Card(O0. Accordingly, either r = 1, is cyclic, or r 2 = 1, r is central 
in 0, and is commutative. In any case, is commutative, thus is 
simply transitive on {±ei, • • • , ±e n }, thus is cyclic of order 2n. If a 
is a generator of 0, H = (cr n ), and = (a 2 ) is simply transitive on 
{ei, • • • , e n }. The involution a n , commuting with a 2 , is a scalar matrix, 
i.e. = -1. But -1 i 2Ui. □ 

Proposition 9.5. For any integer n > 4, if (B n _i, a„_i) elliptic 
over 7], so are (D n ,a n -i), (D n ,a n ). 

Proof. This is clear, by comparing (3.1), 2) and 5). □ 

Proposition 9.6. The pairs (D 5 ,a 4 ), (D 5 ,a 5 ) are elliptic overt]. 

Proof. Because (B 4 ,a 4 ) is elliptic, (7.1), (7.3), (9.5). □ 

Proposition 9.7. Suppose char(s) > 2. T/ien (D e ,a^), (D 6 ,ae) are 
elliptic over r\ if and only i/Card(fc(s)) = 5 mod 8. 

Proof. Consider (D 6 ,o; 6 ) only, the case of (Dq,^) being the same. 

Let £ = char(s). Note that the condition Card(/c(s)) = 5 mod 8 is 
equivalent to that £ = 5 mod 8, [s : F^] is odd. 

The subgroup = (r, a) of QUi, 

f r : ei ^ e 2l e 2 e 3 , e 3 i-> e 4 , e 4 h-> -ei, e 5 i-> e 6 , e 6 >->■ -e 5 
\ tr : ei H- e 2 , e 2 h-> -e 3 , e 3 H> e 4 , e 4 H> ei, e 5 H> e 5 , e 6 >->■ -e 6 

is simply transitive on 

X = {siei H h seee, s, = 1, -1, si • • • s 6 = !}• 

And 

r s = 1, a 8 = 1, .m- 1 = r 5 . 
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If Card(/c(s)) = 5 mod 8, <5 is a quotient of 7r* (77, 77) , hence (D 6 ,a 6 ) 
is elliptic, (3.1), 5). 

Next, suppose (D 6 ,a 6 ) is elliptic over i], and p : 771(77,77) — > QUi is a 
representation with monodromy (5 transitive on X. The order Card((J5) 
is divisible by 32. 

Base changing rj to some 77' of odd relative degree if necessary, one 
may assume is a 2-group, thus tame, with generators a, r, ara^ 1 = 
r«, g = Card(/c(s)). 

Now, in GL 6 (Z), no element has order 16, so t 8 = a 8 = 1. 

Write -P(T) for the characteristic polynomial of r. As r G 2Ui, 
P(T) may be (T 4 + 1)(T 2 - 1), (T 4 + 1)(T 2 + 1), (T 2 + 1) 2 (T - l) 2 , 
(T 2 + 1) 2 (T + 1) 2 , (T 2 + 1)(T-1)(T + 1) 3 , or (T 2 + 1)(T + 1)(T - l) 3 . 

ShowP(T)^(T 4 + l)(T 2 -l) : 

Otherwise, say (r) normalizes {±ei, ±e2, ±e 3 , ±e 4 }, and r(e 5 ) = es, 
r(ee) = — e6- By the relation ara^ 1 = r q , a normalizes {±ei, • • • , ±64}, 
{e 5 , — e 5 }, and {e 6 , — e 6 }. On {±ei, • • • ,±e 4 }, cr 2 being commutative 
with r, equals some r l , i = 2, 6 (resp. ? = 4), if a is of order 8 (resp. 
4). In either case, a 2 = r % also on {±es,±e6}. So a 2 = r\ But then 
& = (t) U (t)<t is of order < 16. 

Show P(T) j£ (T 2 + 1)(T - 1)(T + l) 3 : 

Otherwise, say r normalizes {±ei, ±e 2 }, T(e 3 ) = e 3 , r(ej) = — e^, % = 
4, 5, 6. The equation crra^ 1 = r q implies that a normalizes {±ei, ±62}, 
{e 3 , — e 3 }, and {±e 4 , ±e 5 , ±e 6 }. But then a has order < 4, (5 has order 
< 16. 

Similarly, P(T) ^ (T 2 + 1)(T + 1)(T - l) 3 . 
Show P(T) ^ (T 2 + 1) 2 (T - l) 2 : 

Otherwise, say r normalizes {±ei, ±62}, {±e 3 , ±64}, and r(e 5 ) = es, 
r(ee) = e%- In particular, r is of order 4. So a must be of order 8, 
normalizes separately {±e 1 , ±e 2 , ±e 3 , ±e 4 } and {±e 5 , ±e 6 }. Note that 
t 2 commutes with cr, therefore, on {±ei, • • • ,±e 4 }, r 2 = a 4 , which 
clearly also holds on {±e 5 ,±e 6 }. But then <& = (a) U t(ct) U r _1 (a) 
has order < 24. 

Similarly, P(T) ^ (T 2 + 1) 2 (T + l) 2 . 

So it can only be that P(T) = (T 4 + 1)(T 2 + 1). Say r normalizes 
separately {±ei, • • • , ±e 4 } and {±e 5 , ±e 6 }. Again, because of ara^ 1 = 
r q , {±ei, • • • , ±e 4 } and {±e 5 , ±e 6 } are both normalized by a. And <r 
is of order 8 or 4. 

Show q = 5 mod 8 : 
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If q = 1 mod 8, a commutes with r. So, on {±ei, • • • , ±64}, a = t\ 
for some i G Z/8Z. But then (5 = (a, r) has 2 orbits on {±ex ± e 2 ± 
e 3 ± e 4 }, therefore has > 2 orbits on X as well. 

If q = 7 mod 8, ara' 1 = r _1 . On {±ei, • • • , ±e 4 }, a 2 = 1. So has 
2 orbits on {±ex ± e 2 ± e 3 ± 64}, thus cannot be transitive on X. 

If g = 3 mod 8, a is of order 4. On {±ei, • • • , ±e 4 }, <r 2 = r 4 . So ex has 
characteristic polynomial either (T 2 + 1) 2 (T - l) 2 or (T 2 + 1) 2 (T + l) 2 . 
In any case, a 2 = r 4 also on {±e 5 , ±e 6 }. But = (r) U (r)cr is of order 
< 16. □ 

Proposition 9.8. //char(s) > 2 ; (D 7 ,a; 6 ) ; (D 7 ,a 7 ) are not elliptic 
over i]. 

Proof. Otherwise, there exists a representation p : 7Ti (77, 77) — > 2Ui 
whose image (5 is transitive on the set of vectors 

siei H h s 7 e 7 , s; G {1, -1}, si • • • s 7 = 1- 

The quotient H is of order divisible by 16, for 3Di n 0, being 

a sub-quotient of 7Tx (77, ?y) , has order < 4. So, fl contains a 

2-Sylow subgroup of 971 = © 7 , in particular, it contains a conjugate 
of ((12), (34), (56)). But ((12), (34), (56)) cannot be a sub-quotient of 
tti (77,77). □ 

Proposition 9.9. // char (s) > 2, (D$,a 7 ), (D 8 ,as) are not elliptic 
over i]. 

Proof. It suffices to consider (D 8 ,a 8 ). Suppose it is elliptic over 77, 
p : 7Ti(i],rj) — > QUi is a representation with monodromy transitive on 

{siei H h sga 8 , Sj = 1, -1, s 1 ---s 8 — 1}. 

Extending the base 77 if necessary, assume & is a 2- group, in partic- 
ular tame, with generators a, r, crra -1 = r q , q = Card(/c(s)). 

Necessarily, r 8 = c 8 = 1, since no element of GL 8 (Z) of order 16 
belongs to W ± . But then & has order < 64 < 2 7 . □ 

Proposition 9.10. //char(s) > 2, n > 9, then (D n ,a n ^i), (D n ,a n ) 
are not elliptic over 77. 

Proof. It suffices to consider (D n , a n ), which we assume is elliptic over 
77, and let p : 71-1(77,77) — > QUx be a representation whose monodromy (3 
acts transitively on 

{siei H h s n e n , s { = 1, -1, s x • • • s n = 1}. 
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Base changing r] so that & is a 2-group, of order divisible by 2 n 1 . 
Then := Card(0/2)i n <5) is divisible by 2 n ~ 3 , for D 1 n 0, being a 
sub-quotient of 771(77,77), is of order < 4. 

Now, ord 2 (n!) < n — 1, and the equality holds if and only if n is a 
power of 2. 

Hence, if n is not a power of 2, ^3 is of index < 2 in a 2-Sylow sub- 
group of Wl = & n , therefore some conjugate of ((12), (34), (56), (78)), 
say 0, satisfies (0 : fl *P) < 2. But fl ^ cannot be a sub-quotient 
of 71-1(77,77). 

If 7i is a power of 2, thus n > 16, is of index < 4 in a 2-Sylow 
subgroup of & n , so a conjugate of ((12), (34), • • • , (n — l,n)), say 0, 
satisfies (0 : fl ^3) < 4. But fl cannot be a sub-quotient of 
71-1(77,77) either. □ 



10. Type 2 L> 

Let S*, 77, s be as in §4. 

Let n be an integer > 4. Write n = 2 9 r, g > 0, r odd. Identify Z n 
with Z 29 cg>z Z r , and the standard base ei, • • • , e n with e'i Cgie" , • • • , e 29 ® 
e", where e' 1? • • • , e' 29 (resp. e'/, • • • , e") is the standard base of Z 29 (resp. 
'//). 

Let 2U denote the subgroup of GL n (Z) generated by the diagonal 
matrices and monomial matrices. 

Proposition 10.1. A pair ( 2 D n ,ai) over rj, with 2 D n unramified 
over S , is elliptic. 

Proof. The cyclic subgroup (a) of 2H, where a : e± (->■ e2, • • • , e n _i >->■ 
en,e„ !->■ — ei, is simply transitive on {±ei, • • • , ±e n }, and is an un- 
ramified quotient of 71-1(77,77). So ( 2 £> n , c*i) is elliptic, (3.1), 9). □ 

Proposition 10.2. //char(s) > 2 ; any ( 2 -D„,a:i) ; with 2 D n ramified 
over S, is elliptic. 

Proof. Define r',a' G GL 29 (Z) by 

t . e-y 1 y e 2 , , 62^—1 1 ^ ^2S' e 29 1 ^ e i' 

a r = r a , o : e x ^y e x . 
Write g = Card(/c(s)). Let r e GL„(Z) be such that 

for any j = 1, • • • , r, and i = 1, • • • , 2 9 . 
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Let a £ GL n (Z) be such that 
a : e\ ® e" ^ e- ® e£, • ■ ■ , e - ® e"_! M- e - ® e", e- <g> e" H> t/(ej) ® e", 
for any z = 1 , • • ■ , 2 9 . 

Clearly, r is of order 2 9+1 , a r = a'®l, ara^ 1 = r q , (a, r) is transitive 
on {±ei, • • ■ , ±e n }. Also, (a, r) is a quotient of 7r* (77, fj) lifting any given 
index of 2 D n . So ( 2 D n ,«i) is elliptic over 77, (3.1), 9). □ 

Let d > 1, / > 1 be integers. Define pro-2-groups 
Fi = (xi, • • • ,x d+2 \ x\ [x 1 ,x 2 }[x 3 ,x i ] ■ ■ ■ [x d+1 ,x d+2 ] = 1, d even), 
F 2 = (aci, ■ • • ,x d+2 | XiX2[x 2 ,x 3 ] • ■ ■ [x d+1 ,x d+2 ] = 1, d odd), 
F 3 = ■ ■ ■ ,z d+2 | ^[^xj^xj • • • [x d+1 ,x d+2 ] = 1, d even), 
Fa = (x t , ■ ■ ■ ,x d+2 \ xl[xi,x 2 ]xl [x 3 ,Xi] ■ ■ ■ [x d+ i,x d+2 ] = 1, d even), 
where 

:= x~ l y~ x xy 

is the commutator. 

If char(s) = 2, recall that 71-1(77,77) has one of the groups Fi, • • • , F 4 
as the maximal pro-2 quotient, with d = [77 : Q 2 ], and some integer /, 
cf. [3], p. 107-108. 

Proposition 10.3. //char(s) = 2, any ( 2 D n ,ai) is elliptic overt]. 

Proof. Define a',V £ GL 29 (Z) by 

a : i-> — e^, V i > 1, 

6 : 1 >■ e 2 , • ■ ■ , c 2 s_i £ 2 g> e 2 g ^ 6ij 
and c" £ GL r (Z) by 

// , // // // // // // 

C '. 6^ I r * * * 1 G- r _^ I r C r , G r I r 6^. 

Let a = a' g> 1, 6 = 6' <g> 1, c = 1 <g> c" £ GL n (Z). The group (ab) x (c) 
is simply transitive on {±ei, • • • , ±e n }. 

To finish, it suffices to show either (ab) x (c) or (a, 6) x (c) is a 
quotient of 7Ti (77, 77) lifting the given index of 2 -D n . 

As (c) is an unramified quotient of 711(77,77) of odd order, it even 
suffices to show that any given surjection x '■ F — > {1, —1} lifts to a 
surjection p : F — > (ab) or a surjection p : F — > (a,b), where F is the 
maximal pro- 2- quotient of 711(77,77). 

The verification is straightforward from the structure of F. For in- 
stance, consider g > 2, and F = (x, 7/, z\x 2 y 4 [y, z] = 1). According to 
the values of (x, y, z) in {1, —1}, define p : F — > (a, b) as : 
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2) (1, -1,1), let p : (x, y, z) H> ((ab)- 2 , ab, 1). 

3 ) (!> 1,-1), let P '■ ( x , V, z ) ^ (1, 1, 

4 ) (-1, 1, -1), let P : fa y, z) ^ (a, 1, aft). 

5) (1, — 1, — 1), let p : (x, y, z) >->■ ((a&)~ 2 , ab, ab). 

6) (—1,-1,1), let p : (x,y,z) h-> (a,ab,ab 2 ab~ 2 ), if g = 2, and 
p : (x,y,z) i — ^ (aft 2 , aft^ 1 , aft 3 aft -3 ), if g > 2. 

7) (—1,-1,-1), let p : (x,y,z) >->■ (aft 2 , aft, aft -1 ), if (7 = 2, and 
p : (x, y, 2) 1 — ^ (ft _1 aft 2 afta, aft -1 , aft), if g > 2. □ 



Let be a 6-dimensional F 2 -vector space of base e^, fj, 1 < i,j < 3, 
= F 2 ej + F 2 /j, i = 1,2, 3, and 5 the quadratic form on £ such that 

g(ei) = q(fj) = 1 , qfa + ej) = q{fi + fj) = , q{d + fj) = Sij 
where 5ij — 1, if i — j, and 0, if i ^ j, V i,j = 1, 2, 3. 
Let X be the set 



of non-zero singular vectors in E. 

In view of (3.1), 6), we need to determine up to conjugation the 
solvable subgroups of 0(g) that are transitive on X. 

The group 0(g) is of order 2 7 .3 4 .5, and X has 27 elements consisting 
of the vectors Vi + Vj, where v i G Vi, Vj G Vj, i 7^ j, Vi, Vj 7^ 0. Clearly, 
every 3-Sylow subgroup of 0(g) is transitive on X. 

Note that Vi being an elliptic plane, 0(q\Vi) = GL(V^) = (%,Ti), 
where 



fi >->■ h, fi ^ / 3 , / 3 ^ /1 ' ' \ /1 H> /1, / 2 1— >■ / 3 , / 3 ^ / 2 



11. Type E 6 



{v g £\{0}, g(v) = 0} 





Let 



93 := (7,71,72,7s), 



which is a 3-Sylow subgroup of O(g). 

Put 70 = 7l7 2 7 3 , T = TiT 2 T 3 . 

The group *P has center 



3 = (70), 
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derived group 

£ = (7i7 2 " 1 >7273~ 1 )> 

and maximal subgroups 

9K= (71,72,7s), m= (2>,77i>, *GZ/3Z. 

Note that 

tM^- 1 = Wl 2 . 

For any % G Z/3Z, 

The subgroups of ^3 that are transitive on X are OJtj, i G Z/3Z. 
Denote by the subgroup of 0(g) fl GL^(E) consisting of those 
elements g such that g(e 2 + e 3 ) = e 2 + e3, and 

p(ei) = e 1 + 6(e 2 + e 3 ), 6 G F 2 [3]. 
One calculates that 

= {l,r,7iT^r - J 7 r, % e Z/3Z, j G Z/2Z}, 

where 

{ei !->■ ei + e 2 + e 3 
e 2 >-» ei + 7 e 2 + 7o~ le 3 
e 3 ^ ei + 7o~ le 2 + 7oe3 

Lemma 11.1. For any subgroup & of 0(g), let its normalizer in 
0(g) be denoted by N(&). Then 

1) N(M) = (%r,r 1 ,r 2 ,r 3 ). 

2) N(®) = N(¥)=¥{t,t ). 

3) N(9J1 1 )=N(W1 2 ) = ¥(tt ). 

4) NC5)=N(W1 ) = ¥£1(t }. 

Proof. Note that the planes Vi, V 2 , V3 are all the irreducible sub-OJI- 
modules of E. So N(Wt) permutes them. 
Each Vi, % — 1,2, 3, has 

GL(Vi) x GL(V 2 ) x GL(V 3 ) = n, r 2 , r 3 ) 

as its normalizer in 0(g). Thus, 

N(Wl) = (art,ri,r 2 ,r 3 ,7,r) = (% r, n, r 2 , r 3 ). 

This is 1). 

As D-modules, V*, « = 1,2, 3, are also irreducible. From 
Vi = Ker( 72 7 3 - 1 - 1), V 2 = Ker( 7l 7 3 - 1 - 1), V 3 = Ker( 7l7 7 1 - 1), 
it follows that 

GL S (£) = (7i,72,73> =9H. 
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As 971 = GL®(E) is normalized by N(D), N(D) is contained in 

N(tm) = (%T,T 1 ,T 2 ,T 3 ). 

By inspection, N(D) = (*p, r, r ); this group normalizes *}3, hence 
N(<$) = iV(D). This proves 2). 

In either group 9Jtj, i — 1,2, 3) is the only non-cyclic subgroup of 
order 9. Therefore, iV(9JTi) < N(D) = (*J3, r, r ), and both are equal to 
*P(tto), as one verifies. This shows 3). 

Finally, iV(3) is generated by r and 0(g) H GL3(£ I ). 

But, 0(g)nGL 3 (£) = V# G 0(g)nGL 3 (£), as is transitive 

on X, 3 p G p~ 1 g(e 2 + e 3 ) = e 2 + e 3 . 

The vector p~ 1 g(ei), orthogonal to p~ 1 g(e2 + e 3 ) and p~ 1 g($2 + /a), 
is of the form 

P~ l g{e-i) = aei + 6(e 2 + e 3 ), a G 3, & G F 2 [3] 
Say, a = 7g, i G Z/3Z. Then 



Namely, 7 X 'p -1 ^ G O, and g G P7£0 C *P0. 

Now, q3,T ,/3 do normalize 9rt . Hence, iV(9JT ) = iV(3) = ^O(r ), 



Suppose given a solvable subgroup <5 of 0(g) transitive on X. By 
conjugation in 0(g), one arranges so that (5 fl^J is a 3-Sylow subgroup 
of©. 

Necessarily, n *p = or SETfe, i G Z/3Z. 
Lemma 11.2. 5fCard(0). 

Proof. Let £ be a (3, 5)-Hall subgroup of (5 containing D 
We need to show £ = 05 n 

The group D is normal in £, for 5 is not congruent to 1 modulo 
3, and if Card(C5 fl ^3) =27, lies even in the center of £, for 1 is only 
divisor of 27 that is congruent to 1 modulo 5. 

Now, note that the normalizer of and the centralizers of 9Jtj, % G 
Z/3Z, all normalizing 2), have order dividing 3 4 .2 2 , (11.1), 2). □ 

Lemma 11.3. If 21 is a maximal abelian normal subgroup of (5, then 




which is 4). 



□ 



2fCard(2l). 
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Proof. Denote by o the 2-Sylow subgroup of 21. The space E a is a 
non-zero ©-module, in particular, a non-zero £>-module, hence, q\E a is 
non-degenerate. 

Now, a normalizes (-E ,|1 )" L , and 

((E a ) L ) a C E a n (-E 11 ) 1 " = 0. 
So (i^)- 1 = 0, because a is a 2-group. Thus, E a = E, a = 1. □ 

Therefore, a maximal abelian normal subgroup 21 of is a 3-group, 
of order 27, 9, or 3. 

If Card(2l) = 27, 21 = Wt. 

Then (3 is contained in iV(9Jl) = (^J, r, Ti, r 2 , r 3 ), and has the form 
9Jtf), where ij is any subgroup of (7, r, r 1? r 2 , r 3 ) containing 7. Explic- 
itly, if X denotes any of the groups 

!, ( r o), (tt ), (r,r ), 

then ij = (7)1, (7, TiT 2 , t 2 t 3 )%. 

Next, suppose 21 cyclic of order 9. 

Then, 21 is irreducible on E, and is its own centralizer in 0(g). Be- 
cause the quotient iV(2l)/2l acts faithfully by conjugation on 21, and 
because Aut(2t) ~ (Z/9Z) X = Z/6Z, the normalizer iV(2l) has order 
dividing 3 3 .2. Hence, (iV(2l) : (Sn<P) < 2, and (3 n is normal in 
iV(2l). It can only be that (3 n = OJti or 97t 2 = rOJIir" 1 . And, is 
conjugate to 9Jti or 9Jli(rr ). 

Next, suppose 21 ~ Z/3Z x Z/3Z. 

Then 21 is conjugate to D, and & is conjugate to a subgroup of 
N(D). Using that N(D)/D ~ 6 3 x 63, the two factors being (7, r) 
and (71, r ) ([7,71] G 2)), one finds that C5 is conjugate to 9Jti, or 
(9JIi,tt ), or 9Jt X, where T = 1, (r), (r ), (rr ), (r,r ). 

Finally, suppose Card (21) = 3. 

Then, 21 = 3, and (5 < JV(3) = iV(SDlo). In this case, one checks that 
is conjugate to Wl (P), < M (f3,r ), 9Jl £>, 0Jl i}(r ), or q3O(r ). 

We have obtained 

Proposition 11.4. Let% be any of the groups 1, (r), (r ), (rr ), (r, r ). 
T/ien i/ie solvable subgroups of 0(g) transitive on X are the conjugates 
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Proposition 11.5. Let S, r\, s be as in §4. The pairs (E 6 ,ai), 
(E 6 , a 6 ) are elliptic over r\ if and only if either s is of characteristic 3 
or Card(/c(s)) = ±4 mod 9. 

Proof. By (3.1), 6), (E 6 ,ai), (Eq,q:q) are elliptic over rj if and only if 
some group in the previous proposition is a quotient of 7ri(i],rj). 

If s is of characteristic 3, either 97l or is a quotient of 7ri(rp7/). 
Indeed, let P denote a maximal pro-3 quotient of 7Ti (77, 77) . 

When ^3(77) = 1, P is a free pro-3-group of rank > 2, thus has a 
quotient isomorphic to DJl 1 . 

When ^3(7]) > 1, P has the presentation 

(x 1 , ■ ■ ■ ,x d+2 I x q 1 [x 1 ,x 2 }[x 3 ,x 4 \ ■ ■ ■ [x d+1 ,x d+2 ] = 1} 

where d = [q : Q 3 ], q is the maximal power of 3 such that [i q {rj) = /J> g (rj), 
and [x,y] := x~ x y~ x xy is the commutator of x,y. The homomorphism 

Xi (->■ 7 

^2 >->■ 7o 

^3 >->■ 7172" 1 
Xj !->■ 1, i > 3 

P — >■ 9Jlo is clearly surjective. 

Suppose s is not of characteristic 3. Then 9Jto is not a sub-quotient 
of 771(77,77). This excludes all but 3Jli, 97li(rr ) in the list of (11.4). 

Any quotient p : ^1(77,77) — >■ QJli (resp. p : 71-1(77,77) — >■ 97li(rr )) is 
necessarily tame with cyclic ramification group of order 9 ; from the 
structure of 7i\ (77,77), it follows easily that such p exists if and only if 
Card(/c(s)) = 4 mod 9 (resp. Card(/c(s)) = -4 mod 9.) □ 

12. Type E 7 

Let .E, (, ) be a 6-dimensional symplectic F 2 -vector space, e^, fj, 1 < 
< 3, a sympletic base. 

Let q be the quadratic form on E such that 
gfe) = = 1, g(ei + e^) = + /j) = 0, g(e; + /_,) = 
where 5jj = 1, if % = j, and 0, if i ^ j, V i,j = 1, 2, 3. 
Then, 0(g) is a subgroup of Sp(E). 

Let the quotient Sp(E)/0(q) be denoted by X; it has 28 elements, 
as Card(Sp(£)) = 2 9 .3 4 .5.7, Card(0(g)) = 2 7 .3 4 .5. 

We determine up to conjugation the solvable subgroups of Sp(E) 
that are transitive on X, cf. (3.1), 7). 
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Any such subgroup contains a 7-Sylow subgroup of Sp(E). By con- 
jugation in Sp(-E), we suppose it contains (, where 



C: 



ei i-» e 2 , e 2 e 3 , e 3 ^ e 1 + e 2 
h ^ h + /2, / 2 ^ / 3 , h ^ /i 



Indeed, £ is of order 7, because letting V = F 2 ei + F 2 e 2 + F 2 e3, 
V v = F 2 /i + F 2 / 2 + F 2 / 3 , then 

det(T - C, V) = T 3 + T + 1 , det(T - C, V v ) = T 3 + T 2 + 1 

and 

det(T — (,E) — (T 3 + T + 1)(T 3 + T 2 + 1) = (T 7 - 1)/(T - 1). 

As (^-modules, V, V y are irreducible, mutually non-isomorphic. So, 

0, V, V v , are the only sub- £- modules of E. 

The commutant End^(-E) equals 

F 2 [(\V] x F 2 [C|y v ], 

and 

GL ( (£)nSp(£) = F 2 [C] x = (C>. 
That is to say, (() is its own centralizer in Sp(E'). 
The normalizer of (() in Sp(-E) has generators (, a, with 

ei H> /i, e 2 / 2 , e 3 h-> / 2 + / 3 
/i >->• ei, / 2 >-> e 2 + e 3 , / 3 i— >■ e 3 

for, this normalizer modulo (() acts faithfully by conjugation on ((), 
and a satisfies 

a 6 = 1, aCa- 1 = C~ 2 . 
Let & be the centralizer of V in Sp(E'). 

Via g i— ?> (g — 1) | V" v , 6 can be identified with the F 2 -vector space of 
linear transformations A : V y — > V such that the bilinear form 

x,y H> (x, Ay) 

is symmetric in x, y G V v . 

Since for any g <E &, the function z h-> (z, (g — l)z) is linear on 
V v , there is a unique vector v g G V satisfying (z, (g — l)z) = (v g ,z), 
Vz G V v . 

The function © — >■ V, g !->■ i> s , is linear; its kernel (3 1 consists of those 
elements g G & such that the form x, y i— >■ (g — l)y) is alternating, 

1. e. (x, (g — l)y) — (x A y,u) g ), for some w s G A 2 V. The map g ^ ui g 
establishes a canonical isomorphism from & 1 onto A 2 V. 

The sequence 

6 1 6 ^ V 
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is exact. 

Now, A 2 V, V being distinct as (- modules, & splits uniquely, 

6 = 6 1 ©6 2 

with & 2 (^-linearly isomorphic to V. 

Proposition 12.1. The solvable subgroups of Sp(E) that are tran- 
sitive on X are the conjugates of (()&, ((,cr 2 )&, (()&, ((,cr 2 )&, 
% = 1,2. 

Proof. Suppose & < Sp(E) solvable, transitive on X, and (eS. 

Recall that Card(Sp(£)) = 2 9 .3 4 .5.7, Card(0(g)) = 2 7 .3 4 .5. 

One has 5 \ Card(C5), for otherwise had a Hall subgroup of or- 
der 35, necessarily cyclic. But Z/35Z has no faithful 6-dimensional 
representations over F 2 . 

Write Card(0) = 2\3-?.7, i > 2, j > 0. 

Let £ be a Hall subgroup of (5, of order 3 j .7, containing (. 

Since j < 4, (() is normal in £. So £ < (C,cr). Either £ = (C) or 
(C,a 2 ), and j = or 1. 

Then, let S) be a Hall subgroup of 0, of order 2\7, containing (. 

As ? > 2, f) is not contained in (£, <r), i.e. (0 is not normal in .f). 

Let 21 be a maximal abelian normal subgroup of S). 

One has 7 \ Card(2l), since otherwise the unique 7-Sylow subgroup 
of 21 would be normal in $). 

Thus, 21 is a 2-group. 

Then E®, the subspace of E centralized by 21, is a non-zero $)- 
module, and being normalized by C, it is equal to V or V y . 

Replacing C5 by atSo"" 1 if necessary, assume E^ = V. 

Now, 21 < &, and as <x 3 does not normalize V, a 3 $), and f) fl 

«» = <C>- 

The group f) has 2 a = Caxd($j / (()) 7-Sylow subgroups, and only 
one 2-Sylow subgroup, because 2 a 7 - 2 Q (7 - 1) = 2 a . If a < S) is 
this 2-Sylow subgroup, E a is a non-zero sub-f)-module of E^ = V. So 
E a = V, a < &, a is abelian. So 21 = o is 2-Sylow in by the choice 
of 21. 

One finds that $) < (()&, and (25 = ££ < (C, o- 2 )&. 

To finish, it needs to show that ((}&, i = 1,2, are both transitive 
onX. 
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Any g G & has the form 

67 1 y 67 , 1 — — 1,2,3 

g- ' 



fi l— ^ fi + X/j=l,2,3 ^i* e i 

where (A?) is a symmetric matrix with coefficients in F 2 . This (7 
preserves the quadratic form g if and only if A 12 = A 23 = A 13 . 

The elements of (3 1 correspond to those (A^) with zero diagonal 
entries. 

So, 0(g) n (C)© 1 = 0(g) n 6 1 = {l,#i}, where 

J 6j 1 >• ej, 2 = 1, 2, 3 
51 ' \ /1 >->■ /1 + e 2 + e 3 , / 2 H> / 2 + ei + e 3 , / 3 h-> / 3 + e x + e 2 

A simple calculation shows that & is spanned as a C-module by r, 

&j I ^ 6^5 ^ ~~ lj 2 ; 3 

fi >-> /1 + ex, / 2 !->■ / 2 + e 3 , / 3 H> / 3 + e 2 

and 0(g) n (C)© 2 = 0(g) n © 2 consists of 1, and g 2 := C 2 <~ 2 - Explic- 
itly, 

[ &i 1— )■ ej, i = 1, 2, 3 
92 '{/i^/i + e 2 + e 3 , / 2 H> / 2 + ei + e 3 , / 3 ^ / 3 + e x + e 2 + e 3 

As Card(X) = 28, Card((C)6 i ) = 56, i = 1, 2, both (C)6 i are indeed 
transitive on X. □ 

Proposition 12.2. Let S, r\, s be as in §4. The pair (£7,0:7) 
elliptic over r\ if and only if s is of characteristic 2. 

Proof. Any solvable subgroup (25 of {1,-1} x Sp(£) transitive on 

{1, -1} x (Sp(£)/0(g)) 

contains an F 2 (12.1). Only if s is of characteristic 2, (3 may be a 
quotient of 771(77,77). 

If s is of characteristic 2, {1, —1} x (C)© is a quotient of 71-1(77,77), by 
(4.1) and that (0© has no subgroup of index 2. One finishes by (3.1), 
7). □ 
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